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Abstract: In recent papers, new sets of Sheffer and Brenke polynomials based on higher order Bell 
numbers, and several integer sequences related to them, have been studied. The method used 
in previous articles, and even in the present one, traces back to preceding results by Dattoli and 
Ben Cheikh on the monomiality principle, showing the possibility to derive explicitly the main 
properties of Sheffer polynomial families starting from the basic elements of their generating functions. 
The introduction of iterated exponential and logarithmic functions allows to construct new sets 
of Bell-Sheffer polynomials which exhibit an iterative character of the obtained shift operators 
and differential equations. In this context, it is possible, for every integer 1, to define polynomials 
of higher type, which are linked to the higher order Bell-exponential and logarithmic numbers 
introduced in preceding papers. Connections with integer sequences appearing in Combinatorial 
analysis are also mentioned. Naturally, the considered technique can also be used in similar 
frameworks, where the iteration of exponential and logarithmic functions appear. 


Keywords: Sheffer polynomials; generating functions; monomiality principle; shift operators; 
combinatorial analysis 


1. Introduction 


In recent articles [1,2], new sets of Sheffer [3] and Brenke [4] polynomials, based on higher order 
Bell numbers [2,5-7], have been studied. Furthermore, several integer sequences associated [8] with the 
considered polynomials sets both of exponential [9,10] and logarithmic type have been introduced [1]. 

It is worth noting that exponential and logarithmic polynomials have been recently studied in the 
multidimensional case [11-13]. 

In this article, new sets of Bell-Sheffer polynomials are considered and some particular cases 
are analyzed. 

It is worth noting that the Sheffer A-type 0 polynomial sets have been also approached with 
elementary methods of linear algebra (see, e.g., [14-16] and the references therein). 

Connection with umbral calculus has been recently emphasized (see, e.g., [17,18] and the 
references therein). 


2. Sheffer Polynomials 


The Sheffer polynomials {s,(x)} are introduced [3] by means of the exponential generating 
function [19] of the type: 


A(t) exp(xH(t)) = y sn(x) 5, a) 
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where , 
A(t)= Yan, (a0 #0), 
i ; (2) 
H(t) = 3m (hy = 0). 


According to a different characterization (see [20], p. 18), the same polynomial sequence can be 
defined by means of the pair (g(t), f(t)), where g(t) is an invertible series and f(t) is a delta series: 


t" 
nl y 


g(t) = sn (90 #0), 
7 (3) 


f= Vin, (fe=0fi #0), 


Denoting by f~1(t) the compositional inverse of f(t) (i.e., such that f (f-1(t)) = f-! (f(t) = 0), 
the exponential generating function of the sequence {s;(x)} is given by 


ar] exp (xf) = YL sls a ; (4) 


so that 
A(t) = saat H(t) = f-*(2). (5) 


When g(t) = 1, the Sheffer sequence corresponding to the pair (1, f(t)) is called the associated 
Sheffer sequence {7 (x)} for f(t), and its exponential generating function is given by 


1 = t” 
exp (xf M(t) = Lon) 5. (6) 
n=0 ts 
A list of known Sheffer polynomial sequences and their associated ones can be found in [21]. 


3. New Bell-Sheffer Polynomial Sets 


We introduce, for shortness, the following compact notation. 
Put, by definition: 


Eo(t) := exp(t) — 1, 
E(t) := Eo(Eo(t)) = exp(exp(t) — 1) —1 


E, (t) := Eo(Er_1(6)) = exp(...exp(exp(f) —1)-1)----1 [(r +1) — times exp], 
and ina similar way: 
Ao(t) := log(t+ 1) 
Ay(#) == Ao(Ao(#)) = log(log(t +1) +1) 


A,(t) := Ag(A;y_1(#)) = log (log (... Jog(f#+1)+1)...)+1),  [(r +1) — times log]. 
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Remark 1. Note that, for all integers r,k,h, 
E,(A;(t))=#, — A;(Er(t)) =#, 
(if k>h) — Ex(An(t)) = Ex-n-1(t),  En(An(t)) = Ax—nai(t), 
(if k>h) — Ag(En(t)) = Ag—n—i(t),  An(Ex(#)) = Ex-n-a(t), 
Us ragGt1, 2a A. (41, 


Remark 2. Note that the coefficients of the Taylor expansion of E,(t) are given by the Bell numbers by, = pill 


n 


ie) t" 
n=l ny 


and, in general, the coefficients of the Taylor expansion of E,(t) are given by the higher order Bell numbers pl 


n 


co t pn 
E,(t) = ot ai? 
n=1 ‘ 


The higher order Bell numbers, also known as higher order exponential numbers, have been considered 
in [5,7,22], and used in [2] in the framework of Brenke and Sheffer polynomials. 


Remark 3. Note that the coefficients of the Taylor expansion of Ag(t) are given by the logarithmic numbers 
if) = (-1)""1(n — 1)! 


and, in general, the coefficients of the Taylor expansion of A,;_1(t) are given by the higher order logarithmic 


numbers I"! 


The higher order logarithmic numbers, which are the counterpart of the higher order Bell (exponential) 
numbers, have been considered in [1], and used there in the framework of new sets of Sheffer polynomials. 


3.1. The Polynomials Ef) (x) 


Therefore, we consider the Sheffer polynomials, defined through their generating function, 
by putting 


A(t) = E,(t) +1 = eFol#), H(t) = E(t), 


eo) (1) tk (7) 
(tx) = exp (1+ 2) Folx)] = 1.0) 
=0 ° 
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3.2. Recurrence Relation for the E, (1) (x) 


Theorem 1. For any k > 0, the polynomials ae (x) satisfy the following recurrence relation: 


() > (k (1) 
Ep yy (xX) = Xu h (Lape) Ey? (x). (8) 
i= 
Proof. Differentiating G(t,x) with respect to t, we have 
Ct x) = Gtx) e (d a x) , (9) 


and therefore 


co 1 tk co 4k 
VaA+H EG) GLa ba P@o 
* k=0 


k=0 


o ok i) k 
s X 6 ) (1+ 2) E(x) 5 = Yee) 


so that the recurrence relation (8) follows. 


3.3. Generating Function’s PDEs 
Theorem 2. The generating function (7) satisfies the homogeneous linear PDEs: 


aG(t, x) dG(t, x) 


—f{ = I 
(a — ert) PCA) _ 4 yy SOU) (10) 
dG(t,«)  o0G(Ex) , t 
aE G(t,x)(1 + xe’), (11) 
OGM) a OG(t,x) | 
af =(1+x) = s G(t,x)] . (12) 
Proof. Differentiating G(t,x) with respect to x, we have 
- *) _ G(t,x) (e -1). (13) 


By taking the ratio between the members of Equations (9) and (13), we find Equation (10). 
The other ones easily follows by elementary algebraic manipulations. 


3.4. Shift Operators 


We recall that a polynomial set {p,(x)} is called quasi-monomial if and only if there exist two 
operators P and M such that 


P (pu(x)) =npn—r(x), — M(pa(x)) = Pnti(x), (1 =1,2,...). (14) 


P is called the derivative operator and M the multiplication operator, as they act in the same way of 
classical operators on monomials. 
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This definition traces back to a paper by Steffensen [23], recently improved by Dattoli [24] and 
widely used in several applications. 

Ben Cheikh [25] proved that every polynomial set is quasi-monomial under the action of suitable 
derivative and multiplication operators. In particular, in the same article (Corollary 3.2), the following 
result is proved. 


Theorem 3. Let (pn(x)) denote a Boas—Buck polynomial set, i.e., a set defined by the generating function 


ACOH) = Yo pl) (15) 
where 


A(t) = 3 aint”, (a9 £0), 
n=0 


(16) 
p(t) = Xe nt" , (Yn #0 Vn), 
n=0 
with p(t) not a polynomial, and lastly 
HO) = ome; (ao #0). (17) 
n=0 

Let o € A) the lowering operator defined by 
o(1)=0,  ofx")= 1 yr1 (n= 1,2,...). (18) 

Yn 

Put 

on * (xt) = Ted emt (n= 0,1,2,....). (19) 


Yn 
Denoting, as before, by f (t) the compositional inverse of H(t), the Boas—Buck polynomial set {py (x) } is 


quasi-monomial under the action of the operators 


ee eer ee 
Paso), M= Fe +xDsH'[flolo, (20) 


where prime denotes the ordinary derivatives with respect to t. 


Note that, in our case, we are dealing with a Sheffer polynomial set, so that since we have 
w(t) = e', the operator 7 defined by Equation (16) simply reduces to the derivative operator D,. 
Furthermore, we have: 


f(t) =H *(£) = Aol), 


Alt) _ ot 14) =e 
Ao? H(t) =e, 
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and, consequently, 


flo) =Ao(Ds),  SEROEN — p, +1, 


H'[f(7)] = H’[Ao(Dx)] = Dx +1. 
Theorem 4. The Bell-Sheffer polynomials (el?) (x)} are quasi-monomial under the action of the operators 


- cs pk 
P = Ag(Ds) = (-1h 28, 
(21) 


3.5. Differential Equation for the ef) (x) 


According to the results of monomiality principle [24], the quasi-monomial polynomials {p, (x) } 
satisfy the differential equation 


MP pn(x) = 1 pn(x). (22) 
In the present case, recalling Equation (22), we have 
Theorem 5. The Bell—Sheffer polynomials (el? (x)} satisfy the differential equation 


Dit + Di 


A EM (x) = néM (x). (23) 


(1+ x) o7( et 
k=1 


Proof. Equation (22), by using Equation (21), becomes 


mb €{) (x) = (1 +x) (Dy +1) Ag(Dx) Ef (x) = 


i pk 
= r | k41“x (1) (1) 
= (1+x) (Dy +1) iI Lt a Eg (*) = 2 Eg (X); 


pe 


A | Ee) = En (2), 


and, furthermore, for any fixed n, the last series expansion reduces to a finite sum, with upper limit 
n — 1, when it is applied to a polynomial of degree n because the last not vanishing term (for k = n — 1) 
contains the derivative of order n. 
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3.6. First Few Values of the Ef) (x) 


Here, we show the first few values for the Bell-Sheffer polynomials Ef (x), defined by the 
generating function (7) 


A (x) =1, 

ES (x) =x+1, 

Ef (x) = x? +3x+2, 

EL (x) = x3 + 6x2 + 10x +5, 

EM (x) = x4 4.10x3 + 31x? + 37x +15, 

EL) (x) = x5 + 15x4 + 75x39 + 160x? + 151x +52. 


Further values can be easily achieved by using Wolfram Alpha© (2009, Wolfram Research, 
Champaign, IL, USA). 


Remark 4. Note that the numerical values ef) (0) of the considered Bell—-Sheffer polynomials 
(1,1,2,5, 15, 52, 203, 877,...) 


appears in the Encyclopedia of Integer Sequences [8] under AO00110: Bell or exponential numbers: number of 
ways to partition a set of n labeled elements. 

The same sequence also appears under A164864, A164863, A276723, A276724, A276725, A276726, 
A287278, A287279, A287280. 


4. Iterated Bell-Sheffer Polynomial Sets 
Here, we iterate the procedure introduced in Section 3, by considering the Sheffer polynomial sets 
defined by putting 
A(t) = Eo(t)+1=e%), H(t) =E,(t), 
co (2) tk (24) 
G(t,x) = exp [((1+ x)E,(x)] = Le (x) a: 
We find: 
f(t) =H M(t) = A(t), 


A'(t) 
Atl) 


= H'(t) = [Ei (t) + Vet = [Er (t) +1] [Eo(¢) +11, 
and, consequently, 


f(7)=Ai(Dx), — A'LF(0)] = H’[Ai (Dx)] = [Dx +1] [Ao(Dx) +1], 


A'[Ai(Dx)] 


Alm(D,)] = Et(As(Ds)) + Me?) = (Dz +1) [Ao(Dz) +1]. 


Theorem 6. The Bell—Sheffer polynomials {E) (x)} are quasi-monomial under the action of the operators 


P=A,(Dy), 
(25) 
M = (1+x) (Dx +1) [Ao(Dx) +1] . 


Axioms 2018, 7,71 


4.1. Differential Equation for the E?) (x) 


According to the results of monomiality principle [24,26], the quasi-monomial polynomials 
{ pn(x)} satisfy the differential equation 


MP pn(x) =n pn(x). (26) 
In the present case, recalling Equation (19), we have 
Theorem 7. The Bell—Sheffer polynomials (6?) (x)} satisfy the differential equation 
(1+ x) (Dy +1) [Ao(Dx) +1] Ay (Dx) EP?) (x) = n€P(x). (27) 


4.2. First Few Values of the Ee) (x) 


Here, we show the first few values for the Bell-Sheffer polynomials E@) (x), defined by the 
generating function (7)9 


Ee yNHl, 

a x)=x41, 

EL) (x) = 22 +443, 

Es) (x) = x3 +. 9x? + 20x + 12, 

EL) (x)) = x4 + 16x3 + 74x? + 119x + 60, 

EL?) (x) = x9 + 25x4 + 200x3 + 635x? + 817x + 358. 


Further values can be easily achieved by using Wolfram Alpha®. 


Remark 5. Note that the numerical values E@) (0) of the considered Bell—Sheffer polynomials 
(1, 1,3, 12, 60,358, 2471, 19302, ... ) 
appear in the Encyclopedia of Integer Sequences under AQ00258: McLaurin coefficients of the function E>(x). 
5. The General Case 
In general, by putting 
A(Qt)=E,(t)+1=e©, H(t) =£,4(t), 
Glt x) = empl +2)E a0] = VE) 


we find: 


A'(t) oe 7 r—1 r _ rl 
aay 7H =I] [Er(t) + 1] = Lee), 
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and, consequently, 


r—1 
f(a) = Ay-1(Dx), ADA A [flea i 
re | 
H[f(o)] = HIIA alla 
Le 


Recalling Remark 3.1, we find 


Ee(Ay—-1(Dx)) = A;y_—¢_2(Dr), 


r—1 r—2 
[ [ {Ee(Ara(Dx)) + 1) = (Dx +1) [] [Ag (Dx) + 1], 
7=0 k=0 


so that we have the theorem: 
Theorem 8. The Bell—Sheffer polynomials {6 (x)} are quasi-monomial under the action of the operators 


P=A,_1(Dx), 
7 T2 (29) 
M = (14x) (D, +1) [] [Ac(Dx) +1]. 
k=0 
Differential Equation for the Ef? (x) 
According to the results of monomiality principle [24], the quasi-monomial polynomials {p, (x) } 
satisfy the differential equation 
MP Pn(X) =M"Pn (x) : (30) 


In the present case, recalling Equation (19), we have 


Theorem 9. The Bell—Sheffer polynomials {E? (x)} satisfy the differential equation 


(1+ x) (Dy +1) Tl [Ag(Dx) + 1] Ay_1 (Dx) E69 (x) = n €8 (x) . (31) 
k=0 


6. Conclusions 


By introducing iterated exponential and logarithmic functions, we have shown how to construct 
new sets of Bell-Sheffer polynomials which exhibit an iterative character. We have found their main 
properties by using the monomiality property and a general result by Y. Ben Cheikh which gives 
explicitly the derivative and multiplication operators for polynomials of Sheffer type. The tools we 
used are internal to Sheffer’s polynomial theory and do not use external techniques. In our opinion 
the demonstrated properties (in particular the differential equations for polynomials of higher order) 
could hardly be achieved by other methods. 
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Abstract: In this work, we study the in-plane oscillations of a finite lattice of particles coupled by 
linear springs under distributed harmonic excitation. Melnikov-type analysis is applied for the 
persistence of periodic oscillations of a reduced system. 


Keywords: nonlinear oscillatory acoustic vacuum; periodic oscillations; Melnikov function; symmetry 


1. Introduction 


We analytically study the persistence of periodic oscillations for certain three-dimensional systems 
of ordinary differential equations (ODEs) with periodic perturbations and a slowly-varying variable. 
The considered ODEs are derived from a model of a finite lattice of particles coupled by linear springs 
under distributed harmonic excitation, which is described in detail in Section 2. This model presents 
a low-energy nonlinear acoustic vacuum. We refer the reader for more motivations, further details 
and applications to [1,2]. Following the computations of [1], we consider just two modes in Section 3, 
and we postpone higher modes investigation to our future paper, since another approach will be used. 
Melnikov analysis is demonstrated in Section 4 for finding conditions for the existence of periodic 
solutions for the perturbed ODEs corresponding to two modes. More precisely, following [1], we derive 
a three-dimensional periodically-perturbed system of ODEs with a slowly-varying variable. Then, 
we analyze an unperturbed autonomous system of ODEs to compute its family of periodic solutions 
by revising the results of [1] in more detail. Since we are interested in the persistence of periodic 
solutions for the perturbed ODEs, we compute the corresponding Melnikov functions by [3]. Due to 
the difficulty of finding simple roots of these Melnikov functions explicitly, we outline an asymptotic 
approach for the location of some of them. Note that the simple roots of Melnikov functions predict the 
persistence and location of periodic solutions for perturbed ODEs. This is a novelty and a contribution 
of our paper. Section 5 outlines possible future research along with summarizing our achievements in 
this paper. 


2. The Model 


We consider a lattice consisting of N identical particles coupled by identical linear springs 
(they are un-stretched when the lattice is in the horizontal position) and executing in-plane oscillations 
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(see Figure 1). Fixed boundary conditions and dissipative terms are imposed, and the transverse 
harmonic forces are also applied. The equations of motion can be expressed as follows, 


au; de; de; 
m ae (x ¢ 7) cos pj — (Tis = =) cos $j+41 = 0 
(1) 
a0; de;\ . de; ; 
m ae é ¢ i] sin dj — (tis —¢é #1) singji1-F = 0 


with u;,v; being the longitudinal and transversal displacements of the i-th particle, respectively, ¢; 
the angle between the i-th spring and the horizontal direction, ¢ the damping coefficient, e; = 1! — 1; 
the deformation of the i-th spring, F; the exciting transverse force and m the mass of each particle of 
the lattice. The tensile forces are proportional to the deformations of the springs, and considering the 
geometry of the deformed state of the lattice (see Figure 1), one may write: 


T; = kj), 

e=U-k = [(j-9-4)? + (h+uj—wa)]? -] 
with |; being the equilibrium length of the i-th spring (each spring has the same length) and k the 
linear stiffness coefficient of each coupling spring. Introducing 6; = €;/lj, 8; = uj/lj, wi) = v;/Ii, 


c = @/(km)'/2, where s; and w; are the normalized axial and transverse displacements, and the “slow” 
time scale T = (Ey ?¢, Equation (1) can be rewritten in normalized form: 


ds, 
Ta = 6; cos pj — 5;-1 cos $j_1 + cd; cos pj — cd!_, cos hj 
(2) 
aw; 
_ : , ae ee 
cr 6; sin pj — dj; sin gj_1 + cd; sing; — cd}_, sin gj_1 + fi, 
where: 
2 1/2 
6 = [Wu -w)+1+s41-s)?-1 
oe ke (wis —W;) (Wi 4 — wi) + (148141 -S:) (5). -8)) 
[Wi 0)? +(14+8;41-8))7]1/? 
and: ; 
. = +Si417Si 
coe [41 wi) + (148441 -81)?] 1/2” 
: = W414 Wj 
sing; = 
$i [(wiga 1)? + (1+5;41-8;)2]1/2” 
fi = Fi 
1 = ee 
0 1 i-1 i i+] N N+1 


Figure 1. Forced and damped lattice oscillating in the plane (see [2]). 


The normalized system (2) is referred to as the “exact lattice” in the following sections. 
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According to the previous research [1], when we introduce this system (2) without extra transverse 
force and damping terms, an interesting feature is that in the low energy limit and under the assumption 
that the axial displacements are assumed to be an order of magnitude smaller compared to the 
transverse ones, it was shown that, correct to the leading order of approximation, the transverse 
oscillations decouple from the axial ones and are governed by the following reduced system of 
equations for predominantly transverse oscillations of the particles: 


dw 5-1 at 2 
7a +2 (N+1)~* )) (war — Wg)? (2; — Wi41 — Wi-1) = 0, 


i=1,---,N, wo(0) = wy 41(0) = 0. 


Then, the nearly linear axial oscillations are driven by the transverse responses (see [1,2] for more 
details). Therefore, we focus our analysis like in [1] just on Equation (3), which presents a low-energy 
nonlinear acoustic vacuum, because in the absence of linear terms, it possesses zero speed of sound in 
the context of classical linear acoustics. What is more, it is notable that the existence of the strongly 
nonlocal multiplier 2~!(N + 1)7! peo (W_41 — w,)* indicates that the response of each particle is 
dependent (and hence, it is coupled) on the responses of all other particles. Equation (3) admits N 
exact nonlinear standing waves, or nonlinear normal modes (NNMs), in the form: 


w;(t) = Ap(t) sin 


i j=1,---,N 
rad i 


for the p-th NNM, 1 < p < N, where Ay (t) denotes the p-th modal amplitude. These, by construction, 
are mutually orthogonal, and there are no other NNMs in this system, nor any NNM bifurcations [1]. 
Substituting this NNM ansatz into Equation (3) yields a set of N uncoupled nonlinear equations 
governing the time-dependent amplitudes of the NNMs: 


Aj, (t) + (1/4)w,A}(t) = 0 


with: a 

Wp sin 5 (N-+1)’ 
which is the p-th natural frequency of the corresponding linear system Equation (3) and the prime 
denoting differentiation with respect to t. The exciting force, which is applied on each particle in the 
transverse direction, is expressed as: 

_ _ pir 

fi = Fy coswptsin ae | 

where i = 1,--- , N, for the p-th NNM, 1 < p < N, and this exciting force includes NNMs in the form 
sin Pu i=1,---,N, for the p-th NNM, 1 < p < N and the p-th natural linear frequency wy. 

The frequency of the p-th NNM is tunable with the force and energy, and it also paves the way 
for nonlinear resonances between NNMs widely separated in the nonlinear spectrum, given that their 
energies tune their frequencies to satisfy certain rational relationships. 

Summarizing, we can write (3) as: 

ax 


a +2-1(N +1)71(Mw,w) Mw = 0, 
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where w = [w1,--+ , wn] € RN, M isa symmetric matrix given by 


2 -1l O 0 

—-1 2 -1 0 
M= 

0 =1 2) =1 

0 0 -1 2 


and (-,-) is the standard scalar product on RN. The eigenvectors of M are is = [sin Wo ++, sin PNT] 


with the corresponding eigenvalues tor, 1<p<N. Moreover, it holds (see [4], p. 37): 


N . 
= _2 pix N+1 
Cy bp) = Ls = 
kire 


( yr eae 
Py be) = RMN TON TT 


ses! —k)in +k)in 
= 5% (cos BE cos PEM ) =o, p#k. 


The forced (3) has the form: 


oe = x 
Pa +2-1(N +1)7'(Mw, w) Mw = LF COS Wp TH. (4) 
p= 


Therefore, considering the basis {,}pa1 of RN, we take w(t) = ye C,(T) g, in (4) to get: 
1 N 
Ce) + ri Glee w,Cp(T) = FycosWpt, 1<p<N. (5) 
1= 
Next, applying the coordinate transformation to (5): 


Ap(t) = SF Cp(t), 1<p<nN, 


we get: 


F, 
Aa) + (x At) we Ap(T) = me cOSWpTt, 1S p<N. 


3. Two-Mode System 


In this paper, we consider just two modes: k and p, so we study the system: 


A(t) + [AR(x) + A2(r))aBAL(t) +e} cos(eoyt) = 0 - 
Aj (t) + [Ag(t) + AZ (1) Ap(T) + €p2 cos(wpT) 


| 
S 


for e € 0 small and parameters }/1, 2. Using the transformation: 


pi(t) = Ag(t) + jOA‘(T) = Ca(t)e 
Yo(t) = A,(t) + jOA(t) = Ea(t)e™, 
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and performing an averaging approach like in [1], Equation (6) is modified to the form: 


oy + gy — 2K (ey + 2lgalPea + 31Cal2ea) + ep cos(oer)eI™ = 0 


we 
k 
Q3 
Ww 
P 
3 


jw 
8O 
a (C703 + 2|01|?Z2 + 3|Za|7C2) + epacos(wpt)e I" = 0. 


1@) 
) i ‘@) 


Introducing ¢; = aje/Pi and A = Bo — B1, we get: 


/ we 
a,+ ace aza, sin 2A + ey cos(w,T) cos(AT+ Bi) = 0 
2 
ay — va aia sin2A + er cos(wpT) cos(AT+ Bi +A) = 0 


; ; (7) 


we 
Na rae P (303 + ai. cos 2A + 2a7) 4 303 KE (3at + a5 cos2A + 203) 
—< cos(WpyT) sin(Ot + By + A) + “M. cos(a,%T) sin(Ot +B) = 0 
2 1 


where we consider {1 as a constant parameter. Now, by introducing the coordinate transformations 
a= Ca sin @ and az = Gee cos @ into Equation (7), we get: 


p’ = —€}11Wp sin OB cos(wT) cos(OT + Br) — E42W cos @ cos(WpT) cos(AT + A + Br) 
i 6 
ss 6 sin 20 sin 2A + €f11wWp——— cos(wT) cos(At + Br) 


in @ 
—€1 204 cos(WpT) cos(OT + A+ By) = 


3w 
ace | oF cos @ ms sin? 0 — cos 26(2 + cos 2A) 


cos(wpT) sin(Qt + A + Bi) 4 


A’ 


_ EV2W 
pcos é 


5 sind cos(w,T) sin(Ot + Bi) = 0. 


In the rest of the paper, we assume Wp = We =P and = kP for a natural number k, so we study 


the periodically-perturbed system: 


/ 


p = —€}l, sin@ cos(PT) cos(kPt + £1) — E12 cos @ cos(PT) cos(kPt + A + By) 


os 0 
6 + —P sin 20 sin2A + en cos(PT) cos(kPt + B1) 


16k3 P3 
é 
-en cos(PT) cos(kPt + A+ B1) =0 (8) 
2 
en epy 
x= Ze ps ©°8 Ven? A+ — psig cos(Pt) sin(kPt + B1) 
= ae, cos(PT) sin(kPt + A+ B;) = 


where we scaled Py; + pj,i = 1,2. We may suppose: 


wit =1 
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First, consider the unperturbed case where € = 0, so the system: 


p =0 
he 2 
0 + —3 163 sin 26 sin2A = 0 (9) 
2 
,_ 2 


cos 26 sin? A = 0. 


Ak3 p3 


2 
By introducing the temporal variable tT = afspst in Equation (9), we get: 


“ = - 4 sin 20 sin 2A 
- (10) 
——a = 2cos 26 sin? A 


which is fully integrable and gives us the first integral 1 = sin2@sinA = K = const. of the 
degenerate slow flow. If we consider the following initial conditions: (0) = 09, where 0 < 0) < 7 
and A(0) = 7/2, then we get K = sin 269 € (0,1). To find exact solutions of (10), we first derive: 


dt _ 2 _ 1 = 1 
do sin 20 sin 2A KeosA  Ky/1 —sin2 A 
7 1 _ il sin 20 
~~ k2 = K ee) _ 2 ‘ 
Kyi— sin? 20 Vsin ia 


for T > 0 small, since (10) gives 0 < 6 < $,0 < A < 7 (see Figure 2) and 52 (0) = 2cos26 > 0, 
so for T2 > 0 small, we have A(t) > . 
By using the formula in [4] ((2.599.4) p. 205), we obtain: 


— 94 sin 20 0-2 (F sin ( cos 20 )) 
2 de K \/sin2 26 — K2 2K \ 2 V1-K2//" 
which gives: 
6(t%) = = cos! (vi-K K2 cos (2Kx2)), (11) 


recalling 0 < 6 < 5. Of course, Formula ae holds for all t2, not just for small positive ones. Next, 


using (10) and (11), we have: 


ee 2\/1 — K2 cos(2Kt) sin? A, 
dt 


which can be easily solved to arrive at: 


Alin) =n7= cor’ (4 sn(ake) : 


18 


Axioms 2018, 7, 69 


Bottom panel: Graph for A for 


Figure 2. Top panel: Graph for @ for different initial values of 0p. 


different initial values of 69. 


Hence, the exact solution of the system (10) is given as: 


where the period is: 


dé 


It is easy to verify the following symmetry property (see Figure 3): 
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1.0} 


i=) 
a 
T 


D 


Figure 3. Orbits in the phase portrait of (10), where (8, A) € [0, 5] x [0, 7]. 


Summarizing, the exact solution of the unperturbed (9) is the following: 


with the period: 


Consequently, for any: 7 
p > 2kP? Vk, 


taking: 


4k? p4 
K(p) = =a € (0,1), 


Equation (9) has the T = 27t/ P-periodic solution: 


/>F 16) 6 PB 
(EEE contre) 


A(p,T) = 5 cos” 
(12) 


4k3 p4 


/ot — 16k5 PS 
A(p,t) = = — cot! (“a snr) : 
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4. Melnikov Analysis for Periodic Oscillations 


Writing (8) as: 


s os sin 20 sin2A = ep 'g1(p,0,A,T) 

pe 

— FSB3 cos 20 sin? A = ep~'g(0,6,A,T) 
p’ = €g3(0, 8, 4,7) 


and using [5], (3.5.11), p. 111, with « = 0, and [6], Lemma 2.5, p. 283, we compute the Melnikov function: 


M(B1,p) = (Mi(B1,e), M2(B1,)) 


as: 


T (al ol ol 00 ol oA 


r (13) 
since differentiating by p the identity: 
1(0(p,T), A(p,T)) = K(p), 
we get: 
old0  oldA dK 
d0dp | dAdp dp’ 
which is independent of t, and: 
M2(B1,) a g3dT. (14) 


Formulas (13) and (14) are similar to [3], (2.7). We are looking for a simple zero of M, which is 
equivalent to considering: 


M(B1,p) = (Mi (B1,),M2(B1,p)) 
n(Bi.e) = [° (Spar + $x82) tt, Na(Br,p) = [sade 


Since: 
8i = M18 + P2822, 1=1,2,3 

for: 
gi1(p,0,A,T) = —cos@cos(PT) cos(kPt + B1) 
g12(p,0,A,T) = sin@cos(PT) cos(kPt + A + B) 
goi(p,0,A,T) = — cosF) sin(kPt + B1) 
822(p,0,A,T) = cost , 7) gin (kPt + A + By) 
g31(p,0,A,T) = —sin@ cos(PT) cos(kPt + B1) 
932(0,8,A,T) = — cos 6 cos(PT) cos(kPt + A+ By) 

we get: 


Mi(B1,e) = ¥1Mi (61,0) + #2Mi2(B1,p), i= 1,2, 
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for 


= T /dl _ ol - fF d =e 
My;(B1,e) = [ 598i + 582i dt, Mp;(B1,p) = [ g3jat, J = 1,2. 
To solve: 
11 Mii (B1,) + HoMi2(B1,p) = 0, a 1,2, 
we first solve the scalar equation: 
M(B1,0) = My1(B1, 0) M22(B1, 0) — Mi2(B1,e)Mo1 (B1,p) = 0 (15) 
to get its root 61,9 and po. Then, we look for 41,9 and 2.9 with Ho + 15.9 = 1 such that: 
141,0Mi1 (B1,0, Po) + #2,0Mi2(Bi0,e0) =90, i=1,2 
t ae + 12,0V Mi2(B10, ae #0, (16) 


#10 V.Mo1 (B1,0,00) | + #2,0V Mo2(B1,0, Po) 


Summarizing, we have the following result. 


Theorem 1. If there are B19 € [0,27), po satisfying (15), p19 and p29 with uty + 139 = 1 solving (16), 
then for any jy near [1,9 and ly near 2,9 with wt + w3 = Land e 4 0 small, there are By(€) near Bi,9 and 
p(€) near po such that (8) with By = Bi(e€) and p = p(e) has a T = 27¢/P-periodic solution near (12) with 
p = ple). 


Note: 


My (61,0) = — i: (2cos(26(p,7)) sin A(p, T) cos 0(p, T) cos(PT) cos(kPTt + B1) 


+2 cos 0(p,T) cos A(p, T) cos(PT) sin(kPt + B:))) dt 


Myo(B1,e) = s (2cos(26(p, T)) sin A(p, T) sin 8(p, T) cos(PT) cos(kPt + A(p,T) + B1) 


+2 sin 0(p,T) cos A(p,T) cos(PT) sin(kPt + A(p,T) + B:)) dt 


Mo» (61,0) = — [ sin 0(p,T) cos(PT) cos(kPt + By)dt 


M9 (B1,e) = — [ cos 6(p,T) cos(PT) cos(kPt + A(p,T) + Bi )dtT. 


Next, taking  — oo in (12), we obtain: 


PT 7 
; > TE [5]: 
(et) = - Pt P m 20 
2 P’ P|’ 
1 
mT TE (0,5), 
m 27 (17) 
A(co,T) = 0 TE PP y 
7 ma 27 
> T {0,5 P | 
pet =O Galet) =0 
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Hence: - 
7 - Pr ; 
My1(B1,00) = i 2cos a cos(PTt) sin(kPt + B,)dt 
0 
__ 16k(4k* — 5) cos By 
(16k4 — 40k2 +9)P 
oa Pt 
2 _ pga 
My2(B1, 0°) [ sin 5 


8(4k? + 3) sin By 
(16k4 — 40k? + 9)P 


cos(PT) sin(kPt + B1)) dt 


27m 
- P P 
Mp1 (B1,00) = — y ‘ sin cos(Pr) cos(kPt + By )dt 


4(4k* + 3) cos By 
(164 — 40kK2 + 9)P 


27 
y P 
Mz2(B1,) = 7 cos > cos(PT) cos(kPt + B,)dt 


8k(4k* — 5) sin By 
(16k4 — 40k2 + 9)P’ 


Then, (15) gives as 9 — ©, 
16sin 2h; 


(4k? — 9) P? 
with asymptotic solutions By, satisfying either sin Bt) = 0 or cos BT) = 0. The asymptotic equation 
of (16) is as follows: 


M(B1,) = 


0 = H10My1 (Bio, 2) + H2,0M12(Bh 9, ) 


__ 16k(4k* — 5) cos By 8(4k* + 3) sin BX, 
PLOT eRe — 40K +9)P *? (6KF— 40K2 + 9)P’ 


which has solutions: py = 0 and py) = +1 when sin BT) = 0 or py = +1 and p35) = 0 when 
cos Bio = 0. However, tt (61,00) = 0 for i,j € {1,2}, so Theorem 1 cannot be applied directly. Note 
we consider just the first asymptotic equation of (16), since the second one is a scalar multiple of the 
first one. 


On the other hand, following the method of [5], p. 111, we get the following result. 


Corollary 1. For any p > 0 sufficiently large and e # 0 sufficiently small, there is 14(p,€), H2(p,€) with 
uit (p,e) + u3(p,€) = 1 and B1(0,€) such that (8) has a T-periodic solution near (17) for € # 0 small and 
either (00,0) = 0, p12(00,0) = +1, sin By (00,0) = 0 or p11 (00,0) = £1, p2(00,0) = 0, cos Bi (00,0) = 0. 


Proof. The bifurcation equation has the form (see [5], p. 111): 
#4 Min (B10) + #2Mi2(B1,p) = Ole), i=1,2, pp t+eo=1 


Le., 
sinT Mj (B1,p) + cosTMj2(B1,p) = Ole), i=1,2 (18) 


for #4, = sinT and plz = cosI’. For p = co and € = 0, (18) takes the form: 


16k(4k2-5) 8(4k? + 3) ' 
T r = 
(16 — 402 + yp INT SP — Cea — aoe Loyp OS! SiN Pi = 0 es 
4(4k* + 3) cos By 8k(4k? — 5) 


sinT' cos fy 


cosT'sin 8; = 0. 


(16k4 — 40k2 + 9)P (16k4 — 40k2 + 9)P 
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The determinant of (19) is — oF # 0, so (19) has the only solutions: 


sinT.. = sinBy) =0, cos’ = cos Bf = 0. 
The determinants of Jacobians of (19) at these zeros are as follows: 


16k (4k? —5) 8(4k?+3) 


sie (ep cosT cos BT) — Tak 57 cos Poo cos BY 5 
Tie AOE 5)P cosT.. cos Bf) — ae ee cos Too cos By 
_ 32 cos? T'., cos* BY 
7 (4k2 — 9) P2 
oe eC sinT'. sin py, — Gees) sinT'~ sin BY, 
EO ge ee age Uo ee ae 
Te te sinTosinBTy — Ger —4049)P sinT. sin Bt) 


7 32 sin? Tx. sin? BX 
(4k2 — 9) Pp? 


0, 


respectively. Hence, the zeroes Io and Bro are simple, so we can apply the implicit function theorem 
to get the result. The proof is complete. 


5. Discussion 


Melnikov analysis is applied for the persistence of periodic oscillations for periodically-perturbed 
systems of ODEs with a slowly-varying variable. The ODEs are obtained from a model of a finite 
lattice of particles coupled by linear springs under distributed harmonic excitation, which presents 
a low-energy nonlinear acoustic vacuum (see [1]), but we consider just two modes. We extend the 
study of [1] to a problem with small exciting harmonic forces. We apply an analytical method based 
on derivation of Melnikov functions and then on the location of their simple roots. Melnikov functions 
are derived by using the approach of [3,5] developed for slowly-varying ODEs. Since the Melnikov 
functions are rather complicated, we follow an asymptotic way for solving the corresponding Melnikov 
equations. It would be nice to solve these Melnikov equations numerically for finding other simple 
roots, which is postponed to our next research. These roots determine and locate periodic solutions 
of the periodically-perturbed systems of ODEs derived from the two-mode low-energy nonlinear 
acoustic vacuum system. Moreover, our next investigation will be also to consider higher numbers of 
modes represented by a system of ODEs in (5). The method used will be different from that in this 
Paper, since it will be based on the results of Section 3.3 of [5]. Note that higher modes of (2) were 
numerically studied in [2], which is another challenge for our study. 
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Abstract: The goal of this paper is to study fractional calculus of distributions, the generalized Abel’s 
integral equations, as well as fractional differential equations in the distributional space D’(RT) based 
on inverse convolutional operators and Babenko’s approach. Furthermore, we provide interesting 
applications of Abel’s integral equations in viscoelastic systems, as well as solving other integral 
equations, such as [7"/ Ca dp = f (0) ,and fy? x\/29(x)y(x + t)dx = f(t). 
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Keywords: distribution; fractional calculus; Mittag—Leffler function; Abel’s integral equation; convolution 
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1. Introduction 


Fractional modeling is an emergent tool which uses fractional differential and integral equations 
to describe non-local dynamic processes associated with complex systems [1-8]. Integral and fractional 
differential equations arise in numerous physical problems [9-12], in the fields of chemistry, biology, 
electronics, noncommutative quantum field theories [13], and quantum mechanics [14]. Mathematical 
models of systems and processes in the mentioned areas of engineering [15] and scientific disciplines 
involve integrals of unknown functions and derivatives of fractional order. As far as we know, 
fractional calculus provides an excellent tool to construct certain electro-chemical problems and 
characterizes long-term behaviors [16,17], allometric scaling laws, hereditary properties of various 
materials and so on [18]. This is the main advantage of fractional differential equations, in comparison 
with classical integer-order models in practice. Recently, Srivastava et al. presented the model 
under-actuated mechanical system with fractional order derivative [19]. Many initial and boundary 
value problems associated with ordinary (or partial) differential equations, can be converted into 
Volterra integral equations [1,20]. The Volterra’s population growth model, biological species living 
together, and the heat change can all be characterized by integral equations. For example, Gorenflo 
and Mainardi [21] provided applications of Abel’s integral equations, of the first and second kind, 
in solving the partial differential equation which describes the problem of the heating (or cooling) 
of a semi-infinite rod by influx (or efflux) of heat across the boundary into (or from) it’s interior. 
In 1985, Hatcher [22] worked on a nonlinear Hilbert problem of a power type, solved in closed 
form by representing a sectionally holomorphic function by means of an integral with power kernel, 
and transformed the problem to one of solving a generalized Abel’s integral equation. The development 
of integral equations has led to the construction of many real world problems, such as mathematical 
physics models [23,24], scattering in quantum mechanics and water waves. There have been lots of 
techniques, such as numerical analysis and integral transforms [25-27], thus far to studying fractional 
differential and integral equations, including Abel’s equations, with many applications [1,20,28—42]. 

Kilbas et al. [43] presented a solution in a closed form of multi-dimensional integral equations of 
the first kind with the Gauss hypergeometric function in the kernel over special pyramidal domains. 


Axioms 2018, 7, 66; doi:10.3390/axioms7030066 26 www.mdpi.com/journal/axioms 


Axioms 2018, 7, 66 


Raina et al. [44] later on investigated the solvability of the one-dimensional Abel-type 
hypergeometric integral equation, given by 


— gq)" px _ 
Boa [08 (apie ZZ) oleae = fla 
where x > a with a,B € Rand 0 < y < _ 1, as well as the multidimensional Abel-type 
hypergeometric integral equation over a pyramidal domain in R”. The generalized fractional integral 
and differential operators are introduced and their properties are investigated systematically based on 
the results obtained. 

Srivastava and Buschman [20] presented the comprehensive theory and numerous applications of 
the integral equations of convolution type, and of certain classes of integro-differential and non-linear 
integral equations, including Abel’s integral equations, in the classical sense. 

We start with the necessary concepts and definitions of fractional calculus of distributions in 
D'(R*) based on the generalized convolution in the Schwartz space. Using inverse convolutional 
operators and Babenko’s approach, we study and solve several Abel’s integral (for all a € R) and 
fractional differential equations, as convergent series or in terms of the Mittag—Leffler functions. 
Many of the results derived can not be archived in the classical sense including numerical analysis 
methods, or by the Laplace transform. Applications are presented at the end in viscoelastic systems, 
and for solving other types of integral equations which can be converted into Abel’s ones. 


2. Abel’s Integral Equations in Distribution 


In order to study Abel’s integral and fractional differential equations distributionally, we briefly 
introduce the following basic concepts in distribution. Let D(R) be the Schwartz space (testing function 
space) [45] of infinitely differentiable functions with compact support in R, and D’(R) the (dual) space 
of distributions defined on D(R). A sequence $1, $2,:-- ,fn,++* goes to zero in D(R) if and only if 
these functions vanish outside a certain fixed bounded set, and converge to zero uniformly together 
with their derivatives of any order. We further assume that D/(R*) is the subspace of D’(R) with 
support contained in R*. 

The functional 6") (x — x9) for x9 € R is defined as 


where ¢ € D(R). Clearly, 6‘) (x — x9) is a linear and continuous functional on D(R), and hence 
6") (x — x9) € D’(R). 
Define 


f= sinx if0<x<1, 
~ ) 0 otherwise. 


Then, f(x) is a locally integrable function on R (clearly not continuous) and 


(F(x), $(x)) = [ sinxg(x)as for ~ € D(R), (1) 


defines a regular distribution f(x) € D’(R*). 
Let f € D’(R). The distributional derivative of f, denoted by f’ or df /dx, is defined as 


(fo) =- ¢') 


for @ € D(R). 
Assume f is a distribution in D’(R) and g is a function in C*(R). Then the product fg is well 
defined by 


(fg, ) = (f, 8¢) 
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for all functions  € D(R) as gp € D(R). 

Clearly, f’ € D’(R) and every distribution has a derivative. 

It can be shown that the ordinary rules of differentiation also apply to distributions. For instance, 
the derivative of a sum, is the sum of the derivatives, and a constant can be commuted with the 
derivative operator. 


A-1 
It follows from [45] that ®, = a € D'(R*) is an entire function of A on the complex plane, and 
xT (n) 
— n — See 
T(A) : =6(x), for n=0,1,2, F (2) 
=—n 


Clearly, the Laplace transform of ®, is given by 
cd _ 1 
L{®,(x)} = | e@y(x)dx =, Red >0, Res > 0 
0 


which plays an important role in solving integral equations [46]. 
A-1 
*+ 


For the functional ®, = Tay’ the (distributional) derivative formula is simpler than that for ae 
In fact, 
A-1 A-2 A-2 
A-1 
: ®, = at ae: = O41 (3) 
dx dx T(A) T(A) T(A—1) 


The convolution of certain pairs of distributions is usually defined as follows, see Gel’fand and 
Shilov [45] for example. 


Definition 1. Let f and g be distributions in D'(R) satisfying either of the following conditions: 


(a) either f or g has bounded support (set of all essential points), or 
(b) the supports of f and g are bounded on the same side. 


Then the convolution f * g is defined by the equation 
(fF * 8)(x), P(x)) = (g(x), (FY), O(x +y))) 

for p € D(R). 

The classical definition of the convolution is as follows: 
Definition 2. If f and g are locally integrable functions, then the convolution f * g is defined by 

(Fesy(x) =f" f)ge—tae= [ fx—g(nat 

for all x for which the integrals exist. 

Note that if f and g are locally integrable functions satisfying either of the conditions in (a) or 


(b) in Definition 1, then Definition 1 is in agreement with Definition 2. It also follows that if the 
convolution f * g exists by Definitions 1 or 2, then the following equations hold: 


feg=grf (4) 
(f*g) =freg=fixg (5) 


where all the derivatives above are in the distributional sense. 
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Let A and p be arbitrary complex numbers. Then it is easy to show 
PD) * oD, = Prsp (6) 


by Equation (3), without any help of analytic continuation mentioned in all current books. 
Let A be an arbitrary complex number and g(x) be the distribution concentrated on x > 0. 
We define the primitive of order A of g as convolution in the distributional sense 


ga(x) = g(x) * Tia) = g(x) *@). (7) 


Note that the convolution on the right-hand side is well defined since supports of g and ®) are 
bounded on the same side. 

Thus Equation (7) with various A will not only give the fractional derivatives, but also the 
fractional integrals of g(x) € D/(R*) when A ¢ Z, and it reduces to integer-order derivatives or 
integrals when A € Z. We shall define the convolution 


&-A = g(x) + D_y 


as the fractional derivative of the distribution g(x) with order A, writing it as 


p 
8-A = aeh® 
p 
for ReA > 0. Similarly, wk g is interpreted as the fractional integral if ReA < 0. 
x 


In 1996, Matignon [47] also studied fractional derivatives in the distributional sense using the 
kernel distribution ®_,, and defined the fractional derivative of order A of a continuous (in the normal 
sense) causal (zero for t < 0) function g, as g_, = g(x) * ®_,, and further obtained a relation between 
the distributional derivative and the classical one for a smooth function. Mainardi [42] extended 
Matignon’s work and formally defined the fractional derivative of order A > 0 of a causal function 
(not necessarily continuous) as 


a 1 f* _s@d¢ 
qa8'*) =O_4F es = T(—A) i) ce C)HA’ Ae R*. 


The limit case A = 0 is defined as 


9 
7,08(%) = Poxg=dg=sz. 


In addition, Podlubny [46] investigated fractional calculus of generalized functions by the 
distributional convolution and derived the following identities of fractional derivatives and integrals 


dA =o" 

qx (2 a)= T(-A +1) 

dA (xa) 
T(-k—A) 


6) (x — a) = 


where A € C and k is a nonnegative integer. 
The following theorem can be obtained from [41] with a minor change in the proof. 
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Theorem 1. Let G(x) be a given distribution and y be an unknown distribution in D'(R*). 


generalized Abel's integral equation of the first kind 


Gx) = Fay f/ &-O TOG 


has the solution 
y(x) = G(x) *@_4 


Then the 


(8) 


where « is any real number in R. In particular, if G(x) = 0(x — x9)g(x), where g(x) is an infinitely 
differentiable function on (0, co] and xq > 0, then we have four different cases depending on the value of a. 


@) Ifm<a<m+1form=0,1,...,then 


qmt+l P a 
y(x) = dxm+i PAU) a) 
= (x—x0)4" | Lo (m) Come 
= 8(%0) 741) reg (0) Fat m +1) 


1 x 
aceree Eh : gl) (7) (x _ cy eae 


for x > xo. 
(ii) Ifa =1,2,..., then 


y(x) = g(x0)5°Y (x — x9) +++ +g) (x9)5(x — x9) + (x — x0)g™ (x). 


(iii) If « = 0, then y(x) = 0(x — xo) g(x). 
(iv) Ifa <0, then for x > xo 


Ye) = Fay [Ole ae 
which is well defined. 


Example 1. Let k be a nonnegative integer, and n € N,s € R withs # —1,-2,--- 


the integral equation 
x 
xo+ 5) (x) = | WKoOQ= Tas 
0 
has the solution in the space D'(R*) 


g(n-1)/2 
y(x) = aie + 1)®_n24541() + B-n/2-«(x))- 


Proof. Equation (9) is equivalent to 


_ F(n/2) f* 
— T'(n/2) Jo 


2, +6 (x) ai ea=er lar 


which gives 
x + 6) (x) =T(n/2) (y(x) * Bn/2(x))- 


Theorem 1 implies 
1 : 
y(x) = T(n/2y (P-m2() « (x4, +5 (x))) 
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which simplifies to 


yi) = Feary (nal * x4) + (®n/2(x) ¥5(x))) 

= Fay (P n/a Feet) + (®nal) #®-4(4))) 
~ Tar ((P-ny2 : Is + 1), 41(x)) a0 ®_1/2-k(X)) 

= Fal) (Tis +e n/2+s+1) + O_1/2 K(X)). 

Using the formula 
n—2)!! 
T(n/2) = ee 
we infer that 
Q(n-1)/2 


y(x) = (n = 2/7 (T(s 1) ®_y24541(*) + ®_1/2-4(X)) ‘ 


This completes the proof of Example 1. 


In particular, the integral equation 
x 
x52 4.6!(x) = [ y(t) (x — t)-!/2 ar (10) 


has the solution in the space D/ (RT) 


using 


T'(-1/2) = -2V/7. 


Remark 1. We must mention that Equation (10) cannot be solved by the Laplace transform since the distribution 
a is not locally integrable and its Laplace transform does not exist. 
Similarly, the integral equation 


x4 +8(x) = f° yle)(e = vat 


has the solution in the space D'(R*) 
y(x) = d(x) +0" (x) 


by Equation (2). 


Example 2. Let s,a € R,and « £0,—1,—2---. Then, the integral equation 
x 
sinx, + ®s(x) = } yvicie= 2) de (11) 
0 


has the solution in the space D'(R*) 


(—1)¥ 9 49(x) +.» 9] , 


< 
S 
ll 
= 
> 
el 
— 
TMe 
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where 
seit sinx ifx >0, 
=) o otherwise. 


Proof. Equation (11) can be written as 


sins + Ox(x) = HS f° y(ay(x— 1) Mr 


which is equal to 
sinx4 + B(x) = T(a) (By * y)(x). 


Applying Theorem 1, we get 


(2) = Fay (@-0(X) * (Sin x4 + O4(2))) 


which distributes to 


y(x) = T(a) (B_q(x) *sinx, + B_,(x) * Bs (x)). 


The Taylor expansion 


2 (—1)k2kt1 
sinx, = )° Qk +1)! = Vi (-1)F 449 (x) 


k=0 k=0 
gives 
y(x) = Na) (Haale +09) ‘ 
=0 


We note that the series 
[oe) 
k 
Vi (- 1) @x-a42 
k=0 


is absolutely convergent by the ratio test. Indeed, 


y2k—at+3 
— PyK41)—042(*) _ T(2k-—a+4) 
lim = lim 
k-00 Dox 942(x) k-00 kat 
T(2k —a +2) 
2 
= lim = = 0. 


k-yo0 (2k — a + 3)(2k — a + 2) 


This completes the proof of Example 2. 


CO 

Remark 2. We should point out that the series Y. (=1)8 Baa 42(x) is the sum of singular and regular 
k=0 

distributions. Indeed, let j be the largest non-negative integer, such that 2] — «+2 < 0. Then 


CO 


ieee Reet 
k=0 k=0 k=jtl 
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where the term 


(AI) ye a2(x) 


k=0 


is a singular distribution, while 


J (1b yy-949(x) 


k=j+1 


is regular. 


In the special case of « < 2, we get 


1 00 aS mae . 
Wi) = Fa (x Tak—a+2) * o,-«()) 


Note that the function ria is locally integrable on R. 
In particular, we have for a = 1 that 


y(x) = @(x) cosh(ix) + ®,_1(x) = 0(x) cos x + Bs_1(x) 


using 
Ey1(z) = cosh Vz. 


This also can be derived directly from Equation (11). In fact, it becomes for # = 1 


sinx, 4 (x) =f y(e)ar 


which claims that 


v(x) = 4 (0(x) sinx + 4(x)) = 0(x) cosx +, 4(x) 


by noting that 


d 
qe (*) sinx = (x) sinx + 0(x) cosx = 0(x) cos x. 


We further note that Equation (11) becomes 
x 
sinx, + '-§)(x) = | y(t) (x — t)* 1dr. 
0 


fors = 0,—1,—2,---. 
Similarly, the integral equation 


cose teh =f y(x)(x— 1) Mar (12) 
0 


has the solution in the space D/(R*) 


(1x lt ant] 
k=0 


ues) = 5 & 


— 
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where « # 0,—1,--+ and 


5 i ifx > 0, 
= 


0 otherwise. 


Indeed, we apply Theorem 1 to get 


y(x) = Ta) (B__ (x) * (cos x4 + e7.)). 


Applying the following Taylor’s expansions 


fo} =i k co 
cosy = FM at = Fahne, 
k=0 : k=0 
Pee 
ei = bo = Vi Oh (x) 
k=0 k=0 


we atrive at 


y(x) = Fa) (FFs a5 is Sua] 


k=0 k=0 


This completes the proof by noting that both ) (—1)*@ 9; 411(x) and Y ®_g41(x) are 
k=0 k=0 


absolutely convergent by the ratio test. 
In the case of « < 1 we get 


y(x) = EBs aga (—23,) + E1,-a41(24))- 


-1/2 
f(x) =— (Fo12(-73) ao E11/2(%+)) . 


We shall extend the techniques used by Yu. I. Babenko in his book [48], for solving various 
types of fractional differential and integral equations in the classical sense, to generalized functions. 
The method itself is close to the Laplace transform method in the ordinary sense, but it can be used 
in more cases [46], such as solving integral or fractional differential equations with distributions 
whose Laplace transforms do not exist in the classical sense as indicated below. Clearly, it is always 
necessary to show convergence of the series obtained as solutions. In [46], Podlubny also provided 
interesting applications to solving certain partial differential equations for heat and mass transfer by 
Babenko’s method. 

To illustrate Babenko’s approach in detail, we solve the following Abel’s integral equation of the 
second kind in the space D’(Rt) 


Bap =wlx)+ [(e-O*w(ae 


for a > 0. Note that the Laplace transform does not work for this equation, since the Laplace transform 
of ®_1/2 does not exist. However, this equation can be converted into 


Ta ff Oye = (6+ F041) B42) «4 


®_1/2 =y(x)4 


This implies by Babenko’s method that 
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y(x) = (6+T@+1)O.41) 1 * Pap 
VF 1)" (a + 1) Oh * P12 
n=0 
di 1)"T" (a 1) ®a41)n * P12 
n=0 
Yo (=1)"T" (& + 1) Oe 44)n—1/2 
n=0 
= O4t+ LY (-1)'T" (e+ 1) ®(a41yn-1/2 
n=1 


foe} 
1 i 
= Biyygt V(-1) TT (e+ 1) Bag types /2 
n=0 


@_1 jy —T(a +1) x8 Ent att/2 (-r(a + fa) 


using 
atl = Poast)n- 


Example 3. Let a > B > 0,and y > 0. Then the fractional differential equation 
ay) (x) + by®)(x) = c@, (x) +x" (13) 
has the solution in the space D'(R*) 


at+y—1 1 atm 
OX 4 b ap m! x". 


| b a—B 
y(x) = a Ea-patr ( a*t ) a Ey —p,a+m+1 (5 ) 


where m = 0,1,2...,and a,b,c € Rwitha £0. 


Proof. We see that Equation (13) is equivalent to 
ay(x) * D_y(x) + by(x) *B_p(x) = c@,(x) + x1. 
Applying ®, to both sides, we get 


ay(s) + by(s) *Oq-p(x) = ay(x) (8(x) + 7x-p(%)) 
= c@g4y_(x) + x1! * By (x). 


a 


This implies, by Babenko’s approach 


-1 
y(x) = (a0 + 70,_9()) (CBq yy (x) + xi * By(x)) 


alrR alr 


~ 
I 
i) 


k 
(—1)* (2o.-0(2)) * (COg4y (x) + xf * Ba (x)) 


Me 


co) (x) + — 3 (iy 
qk K(a—B)+a+y ak, ak 


i 
ala 
Me 


Pap) +0441 (x) 


Il 
° 


c & (—b)kExke-P)tata-4 1 2 (—b)k hla P) etm 


a —oa'T(k(a— B) +a+m+1) 


ll 
a 
ss 
i) 
a 
2 
= 
pay 
R 
| 
as) 
oe 
R 
ae 
=, 
= 


am 


ce bg m!x b a- 
= = Eu p,w+y7 ( xy ) t 7 Ey—B,0+m-+1 Gu ) : 
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This completes the proof of Example 3. 


In particular, the ordinary differential equation 
ay’ (x) + by(x) = c®o(x) + x4, 


has the solution in the space D/ (RT) 


where : F 
a a 
E13(z) = —~;—. 


On the other hand, we derive that the fractional differential equation 


72 


ay/ (x) + by(/?)(x) = cb(x) +x, a £0 
has the solution in the space D’(R*) 


Litt 
x4 m 


as b ! b 
y(x) — eo ** erfc (Cv | a Fo5,24m (-2 v=) s 


c0(x) 


by using 
Eo51(Z) = e* erfc(—z), 


where erfc is the complement to the error function (erf), 
erfc(z) = ee i’ edu =1—- erf(z), zeéEC. 
Vit Jz ‘ 


Clearly, this example can also be solved using the Laplace transform. Applying the Laplace 
transform to the equation 
ay) (x) + by®) (x) = c@y(x) + 2%, 


we come to 


re cs™t1 4 tg? _ ve s 1B _(m\ fern 
y (s) ~ qggt+y+m+1 + psb+y+m+1 7 (“) s¢—B oe T a gt—B re r 


Using the inverse transform, we have 


at+y—1 a+m 
CX b wp m! xo Dg 
— E t E = = 
y(x) a a—B,a+y ( at ) i a—B,a+m+1 at 
by the formula [46] 
“ —sx B-1p OY dye eee R 1/0 
j e * x a,p(—ax" )dx = eae e(s) > jal’/*. 


Remark 3. We must add that the following fractional differential equation 
ay!) (x) + by'(x) = ey (x) +59” 
can also be solved by the same technique used in Example 3. Though it fails to do so by the Laplace transform, 


as the distribution Ti is singular. 
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Many applied problems from physical, engineering and chemical processes lead to integral 
equations, which at first glance have nothing in common with Abel’s integral equations. Due to this 
perception, additional efforts are undertaken for the development of analytical or numerical procedure 
for solving these equations. However, their transformations to the form of Abel’s integral equations 
will speed up the solution process [20], or, more significantly, lead to distributional solutions in cases 


where classical ones do not exist [40,41]. 


Example 4. Let 0 < @ < m/2and «a <1. Then the following integral equation 


7/2 singy(9) - 
| (ees cong? 


cos 6 — cos 9) 


has the solution 
1 qi-« 


y(arccos x) = Tia) dai 


—— f (arccos x) 
where f is a differential function in D'(R*). 


Proof. Making the variable changes t = cos g and x = cos @. Then Equation (14) becomes 


i Gen aya arecos T)dt = ma - : a j Sal arecos t)dt = f(arccos x) 


which is Abel’s integral equation of the first kind. Therefore, we arrive at 


®,_,.(T) * y(arccos T) = Tia x) 
which implies that 
(arccos x) = ——) (T) * f(arccos T) = ie (arccos x) 
y(arccos = Pda) = f(arccos = Ta =a) axel ccos x). 


This completes the proof of Example 4. 


In particular, we have that for a = 1/2 and f(@) = 0 


1 we i. a 
y(arccos x) = T (1/2) qyi7z MCCS * = ae x 
Using the Taylor series 
=i (2n)! 2n+1 
arccosx = 571 pH iCal)? (on +1)" 
if0 <x <1,and 
a aig = an 
n — 
ae = (2n + 1)!@_1/2(x) * Tan+2) > (2n + 1)!@on43/2(x) 
we come to [(2n)1y2 
[(2n) 
y(arccos x) = ae Coat on 43/2(X) 
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which is obviously convergent. Furthermore, setting t = arccos x we finally infer that 


fore) 1} 
y(t) = Va iF 22h (gl)2 P2n+3/2(COs!). 
n= 
Remark 4. Clearly, Equation (14) can be converted into 


m/2  singy(9) ..f° y(@) 
| end —cosge” = 7 7 A COS P 


(cos 6 — cos p)* 1/2 (cos 6 — cos ¢) 
2 i y(arccos T) ae 
(cos 6 — T)* 
_ fs y(arccos T) at 
(x— TT)” 
= f(arccos x). 


Setting 


then the integral equation 


2) age 
i. 7 <9 = £8) 


cos 0 — cos g) 


has the solution 


Ji-# a 
Y(arecos x) = Ta ayaa ere x) 
since 
sin(arccos x) = V1 — x?. 
Further, setting 
1 
= ———____Y <1, 
y(9) capes (y) for B 
then the integral equation 
m/2 Y( 
Pat tv = 10) 
6 cos? p(cos @ — cos g)* 
has the solution 
Y(arecos x) = eae (arccos x) 
‘ccos T(1—a) ers ccos X). 


Example 5. Assume that the functions g and f are given and g is a nonzero function satisfying the condition 
g(x + #) = g(x)g(t) 
for all x, t € R. Then the integral equation 
[FBP sue + Dax = £0) (15) 


has the solution 


ray a) 
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Proof. Making the substitution 


Equation (15) becomes 


which infers that 


weary? ay) ge £0 
fo (s-!) 8(z) aha 2e5 


since g is a nonzero function. Further, setting s = 1/t we come to 


1 1 
(15) /* es (2) “i (Z) de = s?° f(1/s) 
T(15) Jp 87 725 v= “e(-1/s) 


which is Abel’s integral equation. Hence, we get the solution 


ron Feces) 


using 
FULS) 4/0/72 
This completes the proof of Example 5. 


A particular example can be derived from setting g(x) =e *. We leave this to interested readers. 
We should point out that the term 
qis5 f(1/s)s°° 
dsi5 ( g(-1/s) 


is in the distributional sense. Otherwise, it is undefined if we let g(x) = 1 and f be chosen in D’(RT) 
such that f(1/s)s"? 3," 


3. The Applications in Viscoelastic Systems 


A modeling is a cognitive activity which we use to describe how devices, or objects of 
interest, behave. 

Elasticity is the ability of a material to resist a distortion or a deforming force and return to 
its original form when the force is removed. According to the classical theory in the infinitesimal 
deformation, the most elastic materials, based on Hooke’s Law, can be described by a linear relation 
between the strain € and stress 7 and 


where E is a constant, known as the elastic or Young’s modulus. 
However, in a more complicated fractional viscoelastic model, one [49,50] constructs the following 
integral equation 


c(t) = a(t") + ee [eas [t-te Me (16) 
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where 


and t = E/y, 4 being the shear modulus. 

According to the kernel function t*~!/T(«) in Equation (16), a = 0 and « = 1 are equal with 
a memory-less system and full-memory system in creeping state respectively owing to (0) = oo. 
Clearly, we can derive that for a = 0 


e(t) __—— Ee(t) 
j(Ot)+2 1+ EJ(0*) 


g(t) = 
using Equation (2) in distribution. 
When 0 < a < 1, we convert Equation (16) into 


e(#) o : * 7 = * oO 
feats = 9+ eeaggay Oe 10 = (5+ gaze) 170 


By Babenko’s approach, we imply that 


1 1 
= som (5+ rap) te 


_ ~ (—1)" 
J(0*) u Eman yn(O+) Pan * €(t) 


which is the relation between the stress a(t) and strain e(t). 
In particular, we derive that 


_ ir 
“= Toy Ly Prempro 


if the strain e(f) = 0(t). 
4. Conclusions 


With Babenko’s approach, we have studied and solved several Abel’s integral and fractional 
differential equations based on fractional calculus and convolutions of distributions in the space 
D'(R*). Some of the results obtained are not achievable in the classical sense, such as numerical 
analysis methods or the Laplace transform, since the equations involve generalized functions which 
are not locally integrable, and undefined at points in R. Generally speaking, these equations can 
be expressed in terms of series or the Mittag—Leffer functions using inverse convolution operators 
in distribution. At the end, we demonstrate applications of Abel’s integral equations in viscoelastic 
systems, and for solving other different types of integral equations with potential demands in 
physical problems. 
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Abstract: The Marchaud fractional derivative can be obtained as a Dirichlet-to-Neumann map via 
an extension problem to the upper half space. In this paper we prove interior Schauder regularity 
estimates for a degenerate elliptic equation with mixed Dirichlet-Neumann boundary conditions. 
The degenerate elliptic equation arises from the Bernardis—Reyes—Stinga—Torrea extension of the 
Dirichlet problem for the Marchaud fractional derivative. 


Keywords: marchaud fractional derivative; interior regularity; schauder estimate; extension problem; 
fractional order weighted Sobolev spaces 


1. Introduction 


In the last years there has been a growing interest in the study of fractional elliptic equations 
involving the right fractional Marchaud derivative (Dright)*, such as equations of the form 


(righ) 0 =f imQ, v=0 in [b,o), (1) 


where without loss of generality O. := [a,b) C R, witha < band0 <a <1. 

Fractional diffusion problems of type (1) arise for example in the modelling of neuronal transmission 
in Purkinje cells, whose malfunctioning is known to be related to the lack of voluntary coordination and 
the appearance of tremors [1]. Further motivation comes from various experimental results which showed 
anomalous diffusion of fractional type, see for example [2,3] and references therein. 

The right fractional Marchaud derivative of a function w : R — R is defined via Fourier 
transforms as 


—_—_ 


(Pright)*w(C) = (+i¢)" w(¢), (2) 
and it can also be expressed by the pointwise formula 
yep fe) — ce _ f° oly) — 0(x) 
(Drignt) o(x) = T(—«) | (y— x)ita dy, (3) 


where Cy is a positive normalization constant. We observe from (3) that the right fractional Marchaud 
derivative is a nonlocal operator. Nonlocal operators have the peculiarity of taking memory effects 
into account and capturing long-range interactions, i.e., events that happen far away in time or 
space. Further discussion of the difference between local integro-differential operators and nonlocal 
or fractional ones can be found in [4] and references therein. In this context, the nonlocality of the 
fractional Marchaud derivative prevents us from applying local PDE techniques to treat nonlinear 
problems for (Dright)*- To overcome this difficulty, Bernardis, Reyes, Stinga and Torrea showed in [5] 
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that the right fractional Marchaud derivative can be determined as an operator that maps a Dirichlet 
boundary condition to a Neumann-type condition via an extension problem. Similar extension 
properties have been found for the fractional Laplacian by Caffarelli and Silvestre in [6]. 

To be more precise, consider the function U/ : R?. := R x [0,00) > R that solves the boundary 
value problem 


M,U (t,x) = 0 for (t,x) € Ri, 
limy.o Nod4 (t,x) = f(x) for x € O, (4) 
U(t,x) =0 forx € R\Q, 


Then we have [5]: 
lim Nad (t, x)= Cu (Pright)" V(X), 


4e—-1/27 ( a) 
T(1 — a) 
differential operators M, and NV, are given respectively by: 


where Cy := is a positive multiplicative constant depending only on a € (0,1). Here the 


_ 
MU := —(Drignt)U ar i 


NU = —t'-7*U4. (6) 


2n 
Ur + Ute; (5) 


We use the notation (F,;n+) for the derivative from the right at the point x € R, that is: 


(Prignt)0(x) = lim v(x) — v(x +t) 


t0+ t ’ ”) 
for good enough functions v. Observe that (Drignt) equals the negative of the lateral derivative (4) 
as usually defined in calculus [5]. 

This characterization of (right )*0 via the local (degenerate) PDE (5) was used for the first time 
in [5] to get maximum principles. To solve (4), Stinga and Torrea noted that (5) can be thought of as 
the harmonic extension of v into 2 — 2« extra dimensions (see [5]). From there, they established the 
fundamental solution and, using a conjugate equation, a Poisson formula for U. Furthermore, taking 
advantage of the general theory of degenerate elliptic equations developed by Fabes, Jerison, Kenig 
and Serapioni in 1982-83, they proved comparison principles for U/ (and thus for v). 

The aim of this paper is to prove an interior Schauder estimate for the problem (4), involving 
any fractional power of the derivative (Z,;g;,;)* as an operator that maps a Dirichlet condition to a 
Neumann-type condition via an extension problem as in [5]. 

A significant contribution of the above extension problem is to provide a way of applying classical 
analysis methods to partial differential equations containing one-sided Marchaud derivative operators. 
By means of such extension techniques, a series of important results, such as comparison principles, 
Harnack inequalities, and regularity estimates for solutions to degenerate elliptic equations involving 
the fractional Laplacian, have been studied by many authors, for example [6-17]. The same analysis 
was done for the one-sided fractional derivative operator in the sense of Marchaud ([5] Theorem 1.1 
and Corollary 1.2). 

In view of these results, we immediately observe that interior regularity and boundary regularity 
for the degenerate elliptic equation with mixed boundary conditions involving the one-sided Marchaud 
derivative is missing in the literature. Indeed, from the pioneering work of [5,7,18] on the analogue 
extension problem for nonlocal operators that map Dirichlet to Neumann, one can reduce a nonlocal 
problem involving fractional derivatives to a local one by keeping their qualitative properties. 
Using this technique, one can study interior and boundary regularity. Hence the raison d’étre for 
this work. 

In order to underline what makes the difference between the extension problems introduced by 
Bernardis, Reyes, Stinga and Torrea [5], and the one introduced by Bucur and Ferrari [18], we point 
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out that the extension problem established in [18] is based on a time-dependent initial condition, 
which leads to a heat conduction problem. Indeed, considering the function @ : R — R of one variable, 
formally representing the time variable, their approach relies on constructing a parabolic local operator 
by adding an extra variable, say the space variable, on the positive half-line, and working on the 
following problem in the half-plane [0, 00) x R: 


u(0,t) =(t) teER. co) 


au  =AU (t,x) € (0,0) xR, 

The problem (8) is not the usual Cauchy problem for the heat operator, but a heat conduction problem. 

In view of the type of problem we are interested in here, we choose to deal with the 
Bernardis—Reyes—Stinga—Torrea extension problem [5]. Our main result, which will be proved in 
Section 3 below, is as follows. We note that this result can be proved only using extension techniques. 


Theorem 1. Let « € (0,1) and let U € L®(R}) N H'(t"; BY) be a weak solution to 


M,U=0 in BS, 
limy 40 Ne U(t,-) = f on Bo, 
u=0 on R\ QO. 


(a) Forl < p< o,if f © L?(B,,w) and y © (0,min(1,«)) is such that 0 < a-—y—- ; < 1, then 
1 yp 
ueerr> (Bi, w). Moreover, 


WU or $ ary SC (1 Mees. so) + Ul F larcmn)) + 


where C is a positive constant depending only on a, y, and p. 
(b) If f € L°(By) and y € (0,min(1,)), thenU € C*~7 (B/). Moreover, 


Ie can ap) SE (lel + If lla)» 
where C is a positive constant depending only on « and ¥. 


The paper is organised as follows. In Section 2, we give some notations and definitions of 
function spaces and their associated norms which will be needed in this work. We also provide some 
preliminary results and finally state our main result. In Section 3, we prove an intermediate result 
and provide the proof of the regularity estimate up to the boundary for the degenerate Equation (4) 
with the Neumann boundary condition stated in Theorem 1. Finally we end with the conclusion in 
Section 4. 


2. Notations and Preliminary Results 


In this section we introduce some notations, definitions, and preliminary results used throughout 
the paper. 

Here and in the following, we consider a € (0,1), RR? := Ry x R = {z= (t,x):t>0} and 
© Cc Ra bounded Lipschitz domain. For an open set ©, an integer k > 1, and a real number A € (0, 1], 
the Hélder spaces C**(Q) are defined as the subspaces of C*(Q) consisting of functions whose k-th 
order derivatives are uniformly Holder continuous with exponent A in . 
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Furthermore, we introduce the following notation for intervals, boxes, and balls: 


B,(xo) := {x € R: |x — x9] < r}, 
B; (xo) := [0,r) x Br(x0), (9) 
B;(zo0) = {z = (t,x) €Rx R: |z—29| <r}, 


We consider the function space 


Cs one lp(x)| 


For 0 C Ran open set, we say v: O > RisinC %7(Q), i.e., Hélder continuous with exponent 
7 € (0,1), if 


lolx) = 0) 
le=yl? 


Il7I|cor(a) 2 OUP 
xAy 


We recall the following definition of Sobolev spaces. 
Definition 1 (Sobolev spaces). For any real number a, the wth Sobolev space on R is defined to be 
H“(R) := {ue S'(R) : 7 € L?..(R), ||ul| He < oo}, 


loc 


where the Sobolev norm || - || y« is defined by 


ule = (f, 1acaye (1+ AP)" aa) 


For a general domain X C R, the ath Sobolev space on X is defined to be 


1/2 


Hy,.(X) := {u € D'(X) : up € H*(R) forall ¢ € D(X)}. 
Let a € Rand a € (0,1) be two arbitrary parameters. We define the functional space 
Cre ee R->R_ : foranyx >a, f € AC([a,x]) and f'(-)(x—-)“€ L1((a,x))}. (10) 
We denote here by AC(I) the space of absolutely continuous functions on I. 


Definition 2 (Caputo derivative). The Caputo derivative of v € Cj" with initial point a € R at the point 
x > ais given by 
1 
D* — 
2U(X) = inGl _ a) | 


Definition 3. The right Marchaud derivative of a well defined function v is given by 


x 


“ol(y)(x—y)-* dy. (11) 


aX . C a _ 
(Prigh)*0() = Jim omy 2 see ay, (12) 


with Cy a positive normalisation constant. 


Remark 1. Notice that the one-sided nonlocal derivative in the sense of Marchaud can also be obtained by 
extending the Caputo derivative. Indeed, by making an integration by parts of Equation (11), we obtain an 
equivalent definition [19,20] as follows: 
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Dto(x) = c(a) [OF ay, 


iy (y = x)ita 


for all x < 0, so that v(x) = v(0), where C(«) is a constant depending on w. Indeed, for sufficiently regular 
functions v, we have: 


p(x) =f v'y) w= [(4 (o(y) — o(x)) oo) P 


(x—y)* (x—y)* (x—y)'* 
_o(x)- 00) _ az) y) _ p= 2@) 
a ee (13) 
_ vo(x)—u(0) og ~a * o(y) — o(x) 
=e NY) yy “a | (eye % 
_ v(x) — 0(0) | Fax) = vy) 
xa rea i: (x _ y)ite dy 


Hence, we take the convention that v(x) = v(0) for any x < 0. With this extension, one has that, 
for any x > 0, 


of Noa, TOO 


-e (x— yy -o (x—yjie OY 


So one can write (13) as 


bat dyes * v(x) — oy) 
D*0(x) = C(a) I. ye dy 
This type of formula also relates the Caputo derivative to the so-called Marchaud derivative [20,21]. 
Therefore the results obtained in this paper could also be applied for the extended Caputo derivative. 


Note that the integral in (12) is absolutely convergent for functions in the Schwartz class S. 
Furthermore one should notice that the nonlocal operators (P,igh)* and (Frign:) “ depend on the 
values of v on the whole half line (x, 00). 

We recall that the inverse of the right fractional Marchaud derivative (Dright)” is defined as 


pes 5 = o(y) _ 
(Prghe) (x) = fp rma dy = Za #0(2) (14) 
where the Riesz potential (see [7,21]) is defined as 


ty=Cle—y" tore <1, (15) 


with the constant C, = 4I'(1—.«) sin %. 
From [5], we have that for u € S, (Dright)“u € Sa, where 


o.= {f € C®(R) : (1+ |x|1+*) fF(x) € L®(R), for each k > o}. 
The topology in Sy is given by the family of seminorms [f]; := sup,cp ja + |x|1+*) FM (x)], 
for k > 0. Let S/, be the dual space of S,; then (Dright)* defines a continuous operator from S/, into S’. 


2.1. Weighted Spaces 


Weighted spaces of smooth functions play an important role in the context of partial differential 
equations (PDEs). They are widely used, for instance, to treat PDEs with degenerate coefficients or 
domains with a nonsmooth geometry (see e.g., [22—25]), as is the case here. For evolution equations, 
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power weights in time play an important role in order to obtain results for rough initial data (see [26,27]). 
This subsection dedicated to weighted spaces is motivated by the appearance of the Muckenhoupt 
weight w := t!~?* which appears in (5) and (6). For general literature on weighted function spaces we 
refer to [23—25,28-31] and references therein. 

In a general framework, a function w : R? > [0, co), for an integer d > 1, is called a weight if w 
is locally integrable and the zero set {x : w(x) = 0} has Lebesgue measure zero. For p € [1,00] we 
denote by Ap the Muckenhoupt class of weights. In the case p € (1,00), we say that w € Ap if 


sup (a Le) ax) (a ee ix) < 00, 


B cubes in R¢ 
In the case p = 1, we say that w : R > [0,00) belongs to A, if there exists some constant C 
such that ; 
— | wy) dy < Cw(x 
By Lp dy $ Cola) 


for all x € B and all balls B C R*. In the case p = 00, we define Aw = Ui<p<co Ap. Note that, 
for functions with support contained in (—co,0) or (0, 00), the class of weights is denoted by Aj or A; 
respectively. We refer to [27,30,32] for the general properties of these classes. 


Example 1. Problem (4) is a weighted—singular or degenerate, depending on the value of « € (0,1)—elliptic 
equation on R*_ with mixed boundary conditions. The weight w := t!~?* belongs to the Muckenhoupt class 
Ag i.e., there exists a constant C such that for any BC R, 


(aay Jet oe ax) (aay fleet ax) 2c. 


For this reason, when working with one-sided weights, we can assume without loss of generality that 
QO. := [a,b) = R (see e.g., [30] for more details). 


Next, for a strongly measurable function f and a number p € [1,00), we define the weighted L? 


norm by 
1/ 


IFllveesay = (fy llAG)Pm(x) ax), 


and we define the weighted L? space to be the following Banach space: 


L?(R“,w) := {f strongly measurable : Il fll Le cea wv) < co}, 


Definition 4 (see [8]). Given w € (0,1), # = 1-2 € (—1,1), and an open set B C R%., we denote 
CGB) = {u :R2 >R, ‘i t!\U|*dt dx < +ooh, 
B 


endowed with the norm 


1/2 
u 1B) t= | t\U|?dt ax) 
I Iho ;B) ( \24| 


H1(#;B) = {u € 12(t";B): Vue 12 (tH; B)}, 


We also denote 


with the induced norm 


1/2 
lll ees) = (1 (uP + iver) ads) 
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Using the variable (t,x) € R7., the space H*(R) coincides with the trace on dR?. of 


loc 


PPB) a= {u € L2(R4): i tH (u? + |vul?) dt dx < +00}. 


In other words [8,9], for any given function U € H1(t";B) NC (Ri), we have v := U lar E 
H*(R), and there exists a constant C = C(«) > 0 such that 


I 0 IlHe(R) S Cc | u Il 71 (4,8) - 


So by a density argument, every U € H!(t#;B)NC (Ri) has a well defined trace v € H*(R). 
Conversely, any v € H*(R) is the trace (restriction to t = 0) of a function UU € H1(t"; B) NC (Ri). 


Definition 5. We say that a function U € H'(t"; B) is a weak solution of (4) if 
a HYVU (t,x) V¥(t,x)dt dx — cy! | f(x)Tr(¥) (x) dx = 0, (16) 
QO 


where f is as in (1), Tr(¥) denotes the trace ¥| {0}xR’ and ¥ € H}(#';B)NC (Ri) is an arbitrary test function. 


2.2. The Extension Problem 


In the next statement we recall the results obtained from [5] which show that the fractional 
derivatives on the line are Dirichlet-to-Neumann operators for an extension degenerate PDE problem 
in R x (0,00), where the data f have been taken in the more general setting: more precisely a weighted 
LP(w) space, where w satisfies the one-sided version res (see [30]) of the familiar Ap condition 
of Muckenhoupt. 

Fix 0 < a < 1. Given a semigroup {T;};+9 acting on real functions, the generalized Poisson integral 
of f is given by 

2a fore) 
PC) = gay f PTF) te ER (17) 
see ((5] (1.9)) for more details. 

By considering the semigroup of translations T; f(x) = f(x +),s > 0, we find 


PEF(x) = fa PR) = fl F(s)PR(x—8) ds, 


where 
p2u ete /4x 


~ 4°T(a)(—x)i+a 


PE(x) X(—co,0) (x). (18) 


Since the kernel P} is increasing and integrable in (—co,0), it is well known that the function 
Pe f(x) == sup |f| * P(x) = | LF (E)|PE (x — #) dt, 
t>0 R 


is pointwise controlled by the usual Hardy—Littlewood maximal operator. However, since the support 
of Pf is (—co,0), a sharper control can be obtained by using the one-sided Hardy-Littlewood maximal 
operator. This control and the behavior of P? in weighted L?-spaces will be used in the results of this 
paper. We revise briefly recall the two fundamental theorems from [5]. 


Theorem 2 ([5]). Consider the semigroup of translations T;f(x) = f(x +t), t > 0, initially acting on 
functions f € S. Let P*f,0 <a <1, beas in (17). Then: 
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. For1 < p <0, P? isa bounded linear operator from LP (R) into itself and ||P? f\|tpc) < If llteqe)- 
2. When f € S, the Fourier transform of P; f is given by 


1l—« e 


BHO) = Fy Cite? lle(—ite) FO), EER, 


where ||,(z) is the modified Bessel function of the third kind or Macdonald’s function, which is defined for 
arbitrary v and z € C, see ([33] Chapter 5). In particular, 


1/2 


f(¢). 
3. The maximal operator Pf defined by Pf f(x) = sup, |P*f(x)| is bounded from L?(R, w) into itself, 
forw € A},1 < p < co, and from L\(R, w) into wenk-L'(R, w), for w € Aj. 


4. Let f € LP(w), forw € Aj, 1< p < ©. The function U(x, t) = Pf f(x) is a classical solution to the 
extension problem (A). 


Pf (2) = e tt) 


Theorem 3 (Extension problem). Let f € L?(w),w € Aj, 1 < p < ©. Then the function 


U(x, t) = gee fe Plane Ces xER,t>0 
y — 4°T (a) 0 cf qin’ y y 


is a classical solution to the extension problem 


oder 4+ 1528, 4+Uy =0, inR x (0,0), 


limy_,9+ U(x,t) = f(x), a.e. and in LP(w). 
At 1/27 (a) 
Moreover, for Cy := Tt — «) > 0, we have 


=¢, tim tied) = (Frignt)” f(x) in the distributional sense. 
t30t 
Remark 2. This parallel result regarding the extension problem in the case of the Marchaud fractional time 
derivative has been derived as well in [18,20]. 


3. Regularity Estimate up to the Boundary for the Degenerate Equation with the Neumann 
Boundary Condition 


In this section, we prove the interior regularity estimate up to the boundary for the degenerate 
equation with the Neumann boundary condition associated to problem (4). Namely we provide the 
proof of Theorem 1. But before we get into that, it is necessary to explain the main ideas in the proof of 
interior regularity provided by Theorem 1. The proof of Theorem 1 is inspired by [5,7,8,34]. The method 
for this proof differs substantially from interior regularity methods for second-order equations, but is 
similar to the proof for the fractional Laplacian. Recall that for second-order equations, one first 
shows that D2u is bounded, and then the estimate for equations with bounded measurable coefficients 
implies a C?” estimate for 7 € (0,min(1,«)). This is also true for the boundary regularity for solutions 
to fully nonlinear equations [35]. 

We shall start by the regularity property of the problem (1). We show in Proposition 1 that the 
solution of the problem (1) is of class C9". To the best of the authors’ knowledge, the proofs available 
in the literature are those dealing with the case of the fractional Laplacian (see for instance [7,36] 
(Proposition 2.1.9)). With this result in hand, and by making an appropriate change of variables, 
we will use this result and estimate to prove our main theorem. 
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We start by recalling the following lemma from [37], which gives a Liouville-type theorem for (1) 
in the case f = 0. 


Lemma 1. Let u € C(R) be a function satisfying (Pignt)“u = 0 in Ry, u = 0 in R_, and |u(x)| < 
C(1+ |x|7) for some y < «. Then u(x) = kx". 


The proof of this lemma relies on similar reasoning as the proof of ([37] (Theorem 2.2.3)) for the 
Caputo density function. 

In the case where we have a non-vanishing right hand side (f 4 0) as in (1), we state the following 
Liouville-type theorem for the one-sided Marchaud derivative. 


Proposition 1. Let a € (0,1) and let u € LEN L® 


loc 


(B,) be the solution to 
(Pright)*U = f in By. 


(a) Forl<p<o,if f © LP(By,w) andr € (0,1) and y € (0,min(1,«)) is such that 0 < y— : <L 


at 
then u € C°!~? (B,,w) and there exists a constant C := C(a,r,y,p) > 0 such that 


||u 1 <C 


7-3 gy SS (lel) + Ufllercos0)) (19) 


(b) If f € L®(By) andr € (0,1) and y € (0,min(1,a)), then u € C°7(B) and there exists a constant 
C := C(a,r, 7) > 0 such that 


llores) SC (elle (a,) + Ulfllo=e@,)) - (20) 


Proof. We will show that u has the corresponding regularity in a neighbourhood of the origin. We split 
the proof into two parts, as follows. 

Proof of (a): f € L?(Bi,w). Let 7 € C2°(R) be a smooth cutoff function such that 7 = 1 on B,, 
4 =0onR\ B,,and0 < y < 1onR. Consider the Riesz potential as defined in (15). Then the function 


v(x) = [ Taenf) ay, forall xER, 


satisfies 
(Fright) 0(x) = n(x) f(x) forallx € Ry. (21) 


We first estimate the L? norm of v for w < 1. Since the kernel (Dright)* is positive and 4 > 0 
is a smooth function with compact support in B,, we write 0 = (Fight) “(yf) = (Digi) * fe) 
(Pica) (yf). We note that, by using a similar argument as for the Poisson equation for the fractional 
Laplacian, we find that ae ie (7 f) is an element of CY with norm depending only on || f ||co,7- 

Since 7 f is compactly supported, we get 


Il7I|co7(R) S Call 77F ll ze (B,0P) + Cllollre (ewe) Ss Cay ILF Ili? (B,0?)- 


For a < land y € (0,min(w,1)) and x,y € B,, we have 


v(x) — oly) =f Lalx,2) — Zaly.2)) (nf) e)ae 
= Cre f (lx 21 Iy— 2") (nf) @) az. 
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Next we consider the following inequalities [38], valid for y € (0,min(1,a)) and m € R with 
m+ > Oand for every x,y,z € B;: 


|| 


(le 2" —ly-2l™)| < 


ag (eae espe). ey 


For m = 1—«,and for 1 < p < «, we can write 


Ca [xa al (lez 7+ yal) [ene 


1 1 = 
<Caybe—yl* fx —ylPlx— ato), 


(a) - OWI < G 


ly — 2 
jx — | 
centred at x € B;, we have that 


since > 1. Using the fact that the support of 7 is always contained in the ball of radius 2 


o(x) — oY) SCLa abe yl f be yl Flay, 


< 


at Heo ae 
5 CUA ale yl# ( ft fe ye wn NIP ay) 


<C(1,a,7)|x — yl? (, w|(nf)(y)|P d )’ | wr : 
= y rY y B(x,2) 7] y y B(x,2) 7 pattyy)=1 y 
qy-1+ 0 i esl p(a—1-y)+1 Pp 
<C(1,a,7)|x—y ae w|f)lPay) (/ were ly| Po iy) 
By By 


ae ss plat) +1 et 
S2C(1,a,9)1x— yl"? Ifllarca,an (f, wl ay)”, 
1 


up to relabelling of the positive constant C(a,7y) that depends on « and ¥. Replacing w(y) by its value 
|y|'~** and using the polar coordinates y = rx, 1 > 0, we get that 


2 il pla-1—y)+1 Ti h(a v-1-7)) (p—1) 
p-1 pol dy := | | pt w+ plot 7 drd < S 
few I Y= fo fy Pl ae) = eta) pad) 
<C(p, 7,8). 


Then, 
1 
|o(x) —oy)| < C(p,vaylx—yl” ? IF leew, - 


Hence, we conclude that 


Pll on op.) < Call f llc (By 20) (23) 


for every y € (0,min(1,)). 
Next, by change of variables, the function ¢ := u — v satisfies (Drignt)*C = 0 in B; by (21). 
Then, thanks to the derivative estimate, for every r’ € (0,r), 


IV Elli (B,,«) < Cart lIE Il ce(B,,20) < Cyr! (lel (8,20) + lellr(e, 2) ) : 


The difference function € = u — v is smooth in B, and is bounded. From this observation, 
together with (23), we have that 


ll on} g =|[C+ 2|lco7(B.,) <Q (lull 0¢B,.0 + I fllu(e,.0)) D 
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for every y € (0,min(1,a)) with 0 < y— ; < 1,as required. 


Proof of (b): f € L® (By). The proof in this case is similar to the previous one. We consider as above a 
smooth cutoff function 7 € Ce°(R) such that 7 = 1 on B,, 7 = 0 on R \ By, and 0 < 47 <1o0nR. Then 
we consider the Riesz potential as defined in (15), so that we can estimate the L® norm of v for a < 1. 
Since the kernel Z, is positive and 7 > 0 is a smooth function with compact support in B;, we get 


l2llcorgey S Carll f liza) + Cllolle¢ey S Ca,7,B°llf llc (By: 


Next, by using the inequality stated in (22), we get that for y € (0,min(a,1)) and x,y € B,, 


fol) — o(Y)] S Canle—yl? fle yl) lay 
S Caryl yl fllumca,y ff byl Py 
2 
= CullF Il 22 (B,) 1% —yl|". 


Hence, we conclude that 
l7llco7(B,) S Call fllz(B,), (24) 


for every y € (0,min(1,a)). 
Next, by change of variables, the function ¢ := u — v satisfies (Drignt)*C = 0 in B, by (21). 
Therefore, thanks to ([7] (Corollary 1.13)), we have the derivative estimate for every 7’ € (0,1): 


[Vell p(B) S Car llwllc(By) < Car (elle, + Ilellz(B,))- 


The difference function ¢ = u — v is smooth in B, and is bounded. From this, together with (24), 
we conclude that 


l4lhcon(B,) = lw + Plevna) S Cur (lellis(a,y + Iflla(a,) + 


for every y € (0,min(1,@)). 


Now we are ina position to state and prove our main result on the interior Schauder estimate for 
the solution function / on the set By. 


Proof of the Main Result: Theorem 1 


Proof. Again, we present the two parts of the proof separately. 
Proof of (a): f € L? (IR, w). We choose a cut-off function 7 € Cf°(Bz) such that 7 = 1 on By and 
0 <4 <1onR. Let 0 be the unique solution to the equation 


(Dright)*O =f in R, 


where f := 1 f. Making use of the previous result Proposition 1, we know that 3 € cM) (R,w) and 


at ie — ;- 
I7lxr- Bay £¢ (IPlurca2) * [Flava 


where C > 0 is a constant that depends only on a, y, and p. 
The next step is to consider the Bernardis—Reyes-Stinga—Torrea extension U of 3, i.e., the function 


U(t,-) = P&(t,-) *3, 
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which satisfies the equations 


Ma U(t,x) = 0 in R3, 
limys0 Na U(t, x) = (Drignt)*B(x) = f(x) onR. 


By a change of variables, we have 
(t,x) = (P(t) +2) (x) =f a(x — ty) Haly)ay, (25) 


where 
. Cy get! (A(-y)) 
Ha (y) = PE(Ly) = aire —*(-2200)(Y)- (26) 


Then, if we set Z1 = (f1,%1),Z2 = (t2,x2) € R2, we have the estimate 
_ = een = peer 
\U(z1) —U(z2)| S |a-zl " ? | Ol che a max{|y|"" ?,1}Ha(y)dy, 
seta (Ian + Flan) 
Clan —zal* 7"? (othe) + [lara 


By direct computation from (25), and using Theorem 2, we have: 


[Zl .rcea.) Slaven < CIF 


L?(R,w) 
Therefore, 
I anh aey $C (Uline) + [Flenem) er) 
for a positive constant C > 0 depending only on a, p and ¥. 
Next we put U =U —U, s0 that UU satisfies 
MU =0 in BS, 
limys0 No U(t,-) = (1—y)f =0 on Bo. 


Considering the even reflection Z of U in the variable t, as described in ([37] (Lemma 4.1)), 
we have that 
My Z = 0in Bp. 
From the definition (7) of (4 right); and using ([5] (Corollary 1.13)) or ([39] (Corollary 1.5)), we have 
that for x € By and t € (—1,1) fixed, 


| Prign)Z(.2)| <C I Z(t,-) IIL? (By,2) ‘ (28) 


Next, from the fact that 
(Drignt)Z = Zi + 7, 


7 


and from the inequality (28), we obtain 


Zu + ia Tact 


SCIZ lle 


Bow) me 


Therefore 
(AZ) | < Cle WZ Uae 
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Hence 
Z| <C || Z |lz(B,.n) - 
For any point (t,x) € By, we have, by (28), that 
|( Arigna) Z(t, x)| + Z(t x)| <C I Zz Il LP (By,20v)+ 


which implies that 
aS 1 =. 
ZE CT > (By, w). 


Thus, we have that € C!-7~? (By ,w) such that 
VA arp pe ay SC (I Mlvewzsy + Il lle) 


(By w) 
SC (IU Mercy so) + UF llees0)) 


We finally obtain 


ill....ai— .2Cl lai. 4a... +e = 
I Mer bear SC (Isr paey + Vleet are) 


SC (IY Meecep wo) + UF lize ey) 


since U = U —U. This ends the proof of the first case. 
Proof of (b): f € L®(R). The proof here is similar to the first case above. By considering the 
same cut-off function y € C°(B2) with y = 1 on By and 0 < 7 < 10nR, we let 0 be the unique solution 


to the equation 
(Dright)*O = f in R, 


where 7 := 4 f. Making use of the previous result Proposition 1, we have that 3 € C*~7(R) and 
B|| ce-7(R) < B|| p20 if 
Flora) $C (IP + [Fame ) 


where C > 0 is a constant that depends only on # and +. 
The next step is to consider the Bernardis—Reyes—Stinga—Torrea extension U of 3, ie., 


U(t,-) = PX (t,-) xB, 
which satisfies the equation 


M,UuU=0 in Ri, 
limy—.0 Na U(t,x) = (Prignt)“0(x) = f(x) on R. 


Proceeding as in the previous case, it follows that 
|| 


for a positive constant C > 0 depending only on a and ¥. 
Next we put UU = U —U, so that U satisfies 


ce-7(R’) ae Canes + Flume) , (29) 


M,U =0 in By, 
limys0 No U(t,-) = (1—)f =0 on Bo. 
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We finally obtain 


12 lenge) SC (UE here +2 len-ngaey) $C (IL Mmespy +I lee) 


which ends the proof. 


4. Conclusions 


Regularity theorems are an important result in the theory of PDEs, and their fractional 
counterparts also play a significance role in the study of problems involving nonlocal behaviour. 
As already observed in various papers [6,8,9,34,40—42] in the theory of fractional nonlocal PDEs, it is 
possible to find the qualitative behaviour of a solution. In this paper we have shown that the degenerate 
elliptic equation with mixed boundary conditions for a problem with fractional Marchaud derivative 
admits an interior regularity estimate. The current work fits in with some results obtained in the case of 
fractional Laplacians with Caffareli-Silvestre extensions. We stress that the types of regularity results 
proved herein form only a small subset of many possible versions of regularity theorems which can 
only be obtained using extension techniques. 
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1. Introduction 


Methods employing the concepts and the formalism of umbral calculus have been exploited in [1] 
to guess the existence of generating functions involving harmonic numbers [2]. The conjectures put 
forward in [1] have been proven in [3,4] and further elaborated in [5], and these were extended to 
hyper-harmonic numbers in [6]. 

In this note, we use the same point of view as [1], by discussing the possibility of exploiting the 
formalism developed therein in a wider context. 

The umbral methods we are going to describe have certain advantages with respect to the ordinary 
techniques. The key idea is that of exploiting the harmonic number index as a power exponent; such a 
“promotion” allows the possibility of reducing the associated computational technicalities to elementary 
algebraic manipulations. Series involving harmonic numbers can, e.g., be treated as formal series of 
known functions (exponential, Gaussian, rational, etc.), and the relevant properties can be exploited to 
carry out computations, which are significantly more cumbersome and involved when conventional 
methods are employed. 


2. Harmonic Numbers and Generating Functions 
The harmonic numbers are defined by means of the following partial sum [2]: 


n 
1 
hn = ) et Vn E No . (1) 
r=1 


The integral representation for this family of numbers can be derived using a standard procedure, 
tracing back to Euler, which is sketched below. 


Proposition 1. The use of elementary integral transform yields, for the finite sum in Equation (1), the identity: 


nN foe) 
hy = ae e °'ds, “Wn ENo, (2) 
r=179 


thereby getting the n-th harmonic number through Euler's integral [7-9]: 
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dx. (3) 


Proof. Vn € No, by applying the Laplace transform, the theorem of uniform convergence and the sum 
of a geometric series, we obtain: 


n co co nN 
hn =e vf e "ds = | (x ~~) = 1 ds 
r=170 0 7r=0 


00 1 _ (p—s\ttl 0 _ (ps\nt1 
= | et A) Ids = | pie) 1ds 
0 


1l—e-s -o 1-é 
0 ,(n+1)s _ ps 
= | e é ds 
—0o eb —1 


and by applying the change of variables e* — x, we eventually end up with: 


According to [8], from this point onwards, the definition in Equation (3) can be so extended 
to any real value of n, and therefore, it can be exploited as an alternative definition holding for n a 
positive real. 


Definition 1. The function: 


1y-x? 
Qn (Z) = [ ia dx, VWzeERt, (4) 


is called the harmonic number umbral vacuum, or simply the vacuum. 


Definition 2. The operator: 
h := e% (5) 


realizes the vacuum shift operator, zbeing the domain's variable of the function on which the operator acts For a 
deeper introduction to umbral calculus, see [10,11] 


Theorem 1. The umbral operator, A", ne Rt, defines the harmonic numbers, hy, as the action of the shift 
operator (5) on the vacuum (A): 


h" py (z) ye h" pn, Lae = hn (6) 
or simply: 
i" = hn, 
7 
ho = 0. ” 


Proof. Yn € R*, by applying the shift operator (5) on the vacuum (4), we obtain: 


4 sa ye2EN 
h" py, = i" on, = el wy = | = } 1-x a 
10 z|,-9 hz 20 Mz+n|z=0 0 1—x = 
14— xy" 
“= | dx = In. 
o 1-x 
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Properties 1. Vn,m € R*, we get: 


7 (8) 
(ii) (i) ym 
The proof is a fairly direct consequence of the realization given in Equation (5). 
Definition 3. We call the Harmonic-Based Exponential Function (HBEF) the series: 
hx — hn n 
ne(X) =e Pig = 1+ yx ; (9) 
n=1 " 


This function, as already discussed in [1], has quite remarkable properties. 
The relevant derivatives can accordingly be expressed as (see the concluding part of the paper for 
further comments): 


d\™ as oY 
ne(x,m) = (=) ne(x) = he!* Oi = hn + 3 a x", VxER, Vm Ee N 
n=1 . 
(10) 
d m 
ne(x,k+m) = (=) ne(x,k), WkeEN, 
and according to Equation (9), we also find that: 
ae dy = fe en (thtl)rgy— le, 11 
[ ve(-axye ; ray | (11) 
Corollary 1. By expanding the umbral function on the r.h.s. of Equation (11), we obtain: 
1 foe) 
= =14 1)"a"hn, |a|<1. 12 
at Ln ba (12) 


Proof. By using the Taylor expansion and Equation (7), for | « |< 1, we have: 


foe} 


J 8 (ah) 14 ¥ (-1)"a"h® = 14:¥ (-1)"a"hy, 
ah+1 py XL Xu 


This is an expected conclusion, achievable by direct integration, underscored here to stress the 
consistency of the procedure. 
A further interesting example comes from the following “Gaussian” integral. 


ove) foe) a a2 f2 
/ ye(—ax) ede = / e (hate) ay — /reH Va eR. (13) 


—oo —oco 


The last term in Equation (13) has been obtained by treating hasan ordinary algebraic quantity 
and then by applying the standard rules of the Gaussian integration. 
We notice that, using Equation (9), we obtain: 


a? f2a2 hoy (a\2r 
ve () See tye a 3) 0 
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Let us now consider the following slightly more elaborate example, involving the integration of 
two “Gaussians”, namely the ordinary case and its analogous HBEF. 


Example 1. 


[weary Pax = fe Gaerne ay t= j Po” Ja|< 1. (15) 


This last result, obtained after applying elementary rules, can be worded as follows: the integral in 
Equation (15) depends on the operator function on its r.h.s., for which we should provide a computational 
meaning. The use of the Newton binomial yields: 


1 a\t — 2 a hy 
fra AE(A) 68)’ nave ( ove) 


= oO / Or (—a)" h, (16) 
~va(rs 8 (2) SP) , 
lal <1. 


The correctness of this conclusion has been confirmed by the numerical check, as well. 


It is evident that the examples we have provided show that the use of concepts borrowed from 
umbral theory offers a fairly powerful tool to deal with the “harmonic-based” functions. 


3. Harmonic-Based Functions and Differential Equations 


In the following, we will further push the formalism to stress the associated flexibility. 
We note indeed that the function: 


n 

e(x) = gtx eo ee =14 5) 2 yer 17 
Vne(X) = CP * Pg = 14+ De Pn =1t+ Yo 22 x Vx ER, (17) 
n=1 n=1 


defines, Va € IR, an HBEF through the following Gauss transform: 


+00 


+oo al — prar2 2 
viel) e dx = /. eax ay oy, = JT" (2) p= V7 pe ((5) ) (18) 


On the other side, Equation (17) can be expressed in terms of the HBEF, ;,e(x), using appropriate 
integral transform methods [12]. 


Definition 4. If: 


1 me 
= —___— ay V E R’, 19 
8i(4) ae 7 (19) 


is the Levy distribution of order . then [12]: 
1 fo) 
eP?s =[ cP gi(y) dy, Vp ER, (20) 
is the associated Levy integral transform. 


The use of Equations (17) and (19) allows us to write the following identity. 
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Corollary 2. 
(1) dy. (21) 


Proof. F 
_pry OO pe % 
yael—*) = Py, =[ e™™ g1(4) dn Png =[ ne(—11 x") 81 (9) dy . 


The possibility of defining wpe) will be discussed elsewhere. 


Theorem 2. The function ,e(x) satisfies the first order non-homogeneous differential equation: 


dx x (22) 


ne (x) = f e(x) = ne(x) 4 sia ie . Vx € Ro, 
ne(0) = 


Proof. Equation (10), for m = 1, yields: 
! . An41 n 
ne (x) =h e(x, 1) =1+ i a He (23) 
n=1 
1 


Since My41 = Mtn + zzz, We find: 


ae 1 
1+) on x” = ye(x) + — (eX —x—1) (24) 


n=1 


and hence, Equation (22) follows. 


Corollary 3. The solution of Equation (22) yields for the HBEF the explicit expression in terms of ordinary 
special functions Vx € Rt: 


n(x) = 1+ e* (In(x) + Ey(x) +7), 
co pot 


E(x) = f° Sat, e 
(In(x) + Ey(x) +7) = a (—x)" 


where ‘y is the Euler-Mascheroni—constant . 


The previous expression is the generating function of harmonic numbers originally derived by 
Gosper (see [2,13]). 
By iterating the previous procedure, we find the following general recurrence. 


Corollary 4. 
m—1 Y 5x 
a\) @ = l=x 
nels) = ela) + (Ge) (26) 
Definition 5. The binomial expansion: 
n 
hy(x) = (x + h)" Png =x"+y° (") x" Shs, Vx €R,Vn €No, (27) 
s=1 


specifies the harmonic polynomials. 
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They are easily shown to be linked to the HBEF by means of the generating function as follows. 


Corollary 5. 
oO th 
\ lin (x) =e*',e(t), Vx,t ER. (28) 
n=0 "° 
Proof. It is readily checked that: 
— £ — £ _p\n t(x+h) xt 
ai in(x) = S At +)" Pin = e Phy = &'ne(t) - 
n=0 °°" n=0°" 


According to Equation (28), hn(x) are recognized as Appél polynomials and satisfy the 
following recurrences. 


Properties 2. The properties below hold: 


(i) Shin(x) = Hhya(e), VeeR, (29) 
(ii) Maya (x) = (x +1) ta(x) + fa(x), , 


(30) 


1 
= = ty)"d ie R. 
= wes) isa i [G i 
Proof. The recurrence given in Equation (29) follows from the definition of the derivative itself since 
we treat /1 as an ordinary algebraic quantity. The proof of the identity (30) is slightly more elaborate; 
we note indeed that: 


hinga(x) = (x+h)(x+h)"9,. = (x +h) ( + x & ys i) Pho 


n 
=X My(x)+1-x" + 2s (") x? hs! py, 
s=1 


n ni xn s 


=xhy(x)+ (« ae (") << i) Pro + (a—s)iis +1)! 


s= 


n 


nig = 
= OS Ge aie Fi! 


and: 


n n!\ xs 


3 (n—s)!(s+1)! ~ ee ners al 


s= 


y=1 


: n n—s a S — 7 - n N—-S,S _ 
=E (i): [ vw=f (5 (")s y x) ay 


1 
=) (x+y)"dy—x". 
0 


Corollary 6. The identity: 
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hy(—1) = (—1)" (1 aE Wn EN, (31) 


follows from the Equation (30) after setting x = —1. 
The further relationship: 


nN 
hn =1+)0 () hs(—1), Wn € No, (32) 
s=1 
is a consequence of the fact that h" = ((h —1) +1)". 


The harmonic Hermite polynomials (touched on in [1,3,14]) can also be written as follows. 


Definition 6. 
— tf xt 2 
s nl nh Hn (x) =e ne(t ), Vx,f£€R, 
=o ' 
n (33) 
i, hoz n n | nee 2th, 
nn(X) = An(x,1) Phy = CX" Pp = x" +11! 2 “(nr 
Properties 3. The recurrences identity of the umbral Hermite polynomials: 
. a 
(i) yt n(x) = nnHy_1(x) , VxeER, 
e » a d 
(ii) nHn41(X) = 7 +2h z) nn (X) Pho a (: ate a=] nn (x) + 2a, (x) y 
L3] xyn-2s (34) 
ten( al (s +1)! (n— 2s)!’ 


a, (x) = a = 1 y-1(2), 


are a by-product of the previous identities and a consequence of the monomiality principle discussed in [15]. 


Corollary 7. The umbral Hermite satisfies the second order non-homogeneous ODE: 


2 
(“4 42 (=) Hina oe GS, (35) 


4. Truncated Exponential Numbers and Final Comments 


Before closing the paper, we want to stress the possibility of extending the present procedure to 
the truncated exponential numbers, namely: 


en =e vn EN. (36) 


The relevant integral representation is written [16]: 


TES i’ e *(1+s)*ds, (37) 


which holds for « € R, as well. For example, we find: 


Cy i= 
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Example 2. 


e 4 aI (5.1) (38) 


with T (3 j 1) being the lower incomplete Gamma function. 


According to the previous discussion and to Equation (38), setting é* <+ ey, we also find that: 


+00 
/ e “dx =/7e_1, 
2 


- “ (39) 
by € 
e eX = Le ae . 
i 


This last identity is a further proof that the implications offered by the topics treated in this 


paper are fairly interesting and deserve further and more detailed investigation, which will be more 
accurately treated elsewhere. 
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Abstract: A dynamical model of Zika virus (ZIKV) epidemic with direct transmission, sexual 
transmission, and vertical transmission is developed. A sub-optimal control problem to counter 
against the disease is proposed including three controls: vector elimination, vector-to-human contact 
reduction, and sexual contact reduction. Each control variable is discretized into piece-wise constant 
intervals. The problem is solved by Differential Evolution (DE), which is one of the evolutionary 
algorithm developed for optimization. Two scenarios, namely four time horizons and eight time 
horizons, are compared and discussed. The simulations show that models with controls lead to 
decreasing the number of patients as well as epidemic period length. From the optimal solution, 
vector elimination is the prioritized strategy for disease control. 


Keywords: Zika virus; sexual transmission; vertical transmission; sub-optimal control problem; 
differential evolution 


1. Introduction 


Despite being discovered in Africa and named after a forest in Uganda in 1947, there are only 
several reported cases of Zika virus (ZIKV) infection before 2007. The virus itself is a mosquito-borne 
virus from the genus flavivirus that is transmitted primarily through the bite of Aedes mosquitoes. 
At first, the ZIKV infection was not considered a threat due to its mild symptoms such as rashes, 
headache, malaise, and fever [1]. Besides, the mortality rate of ZIKV infection is considered negligible, 
unlike other Flavivirus infections such as dengue and yellow fever. However, the announcement [2] 
on the possible association between the ZIKV infection and the increasing number of newborn babies 
with microcephaly in 2015 raised the alarm and public awareness of this outbreak. There is some 
correlative evidence reported from Brazil, Colombia, and other Latin America countries [3,4]. 

Some previous studies suggest that ZIKV could pass from pregnant mothers to their baby through 
the intrauterine infection, and microcephaly also happened during this process. Beside vector-mediated 
transmission and intrauterine (or vertical) transmission, ZIKV could also transmit through sexual 
transmission [5]. Apart from being detected in blood and semen [6], researchers found that the virus 
persists in semen and urine after it disappeared from the serum [7]. Moreover, it could pass on even 
before the patient develops the symptoms [8]. To control the outbreak, it can be seen that only relying 
on reducing the number of mosquito population or preventing the contact between host and vectors 
might be insufficient. The control strategy should include reducing the sexual transmission and vertical 
transmission as well. 

A dynamical model was a popular tool for describing and analyzing various diseases. It was used 
to describe the mechanism functions and causes abnormality in some non-infectious diseases such as 
diabetes [9,10]. In prior publications [11-13], models with systems of ordinary differential equations 
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were utilized for describing the behavior of infectious virus such as Zika. Optimal control is one of the 
popular methods for finding the solution that will minimize the objective function value. According to 
some publications [14,15], optimal control can be used to find the best strategy associated with the 
implemented cost and the provided situations. The optimal solutions for some flavivirus control such 
as chikungunya [16] and dengue [17] have been studied. 

In this paper, we develop the ZIKV virus infection model using some previous works [12,13,18]. 
The model consists of three populations: adult humans, newborn babies human, and mosquitoes. 
Three controls are selected from the suggestions of the World Health Organization(WHO) [19] and 
health authorities [20]: using larvicide and adulticide to reduce the mosquito population, using insect 
repellents to prevent mosquito biting, and abstaining from sexual activity or using protection to 
prevent pregnancy. 

Regarding optimal control and sub-optimal control problem, there are direct and indirect methods 
for solving the problems. The indirect approaches, such as Pontryagin’s Maximum Principle [21] 
and shooting method, are popular to find optimal solutions of some flavivirus control problems, 
for example, chikungunya [16] and dengue [17]. Previously, the authors also studied the optimal 
control problem of the Zika virus infection [18] by the indirect approach. However, the implementations 
for health authorities by these studies [16,17] are difficult to practically apply since the policies have to 
be varied continuously. Considering this drawback, we propose a sub-optimal control problem and 
find the solution that is both close to optimal and practical for real situation. 

A sub-optimal control problem can be proposed through Model Predictive Control (MPC). MPC is 
the mathematical tool for controlling the optimization process in various fields such as industrial and 
medical technology [22]. It can be used from the simple to complex dynamic process, and the result 
control law is easy to implement. In our work, the control framework consists of a nonlinear system 
without constraints on spending cost or the final result of the system variables. This framework is 
related to the nonlinear unconstrained MPC schemes, which are those without terminal constraints and 
cost [23]. Furthermore, the study of Herty [24] estimated the suboptimality condition and suggested 
the guideline for the system containing a quadratic cost function. 

In sub-optimal control problem, the previously continuous time horizon is discretized into N time 
horizons. Finding the solution of the controls in each time horizon helps archive the strategy which 
only applies the control at the constant level in each period. Caetano [25] and Yan [26] used the direct 
approach in finding the solutions to the sub-optimal disease control problem, and Yan [26] also used 
the Genetic Algorithm (GA). 

Differential Evolution (DE) algorithm is an improved GA by Storn and Price [27]. DE algorithm is 
simple and fast, requires only a few control parameters and has high convergence attribute [28]. Thus, 
we find the solution of the sub-optimal control problem using the DE algorithm. The dynamical model 
is developed in Section 2 and the Differential Evolution is introduced in Section 3. The sub-optimal 
control problem is proposed through MPC and the numerical solutions are solved in Section 4. Lastly, 
the discussion and conclusion are presented in Section 5. 


2. Dynamical Control Model for ZIKV Infection 


To describe the behavior of ZIKV infection, the dynamical compartment model with control is 
developed from the models of Gao et al. [12] and Agusto et al. [13]. The developed model consists of 
two human populations, adults and babies, and one mosquito (vector) population. The total newborn 
baby population consists of six classes: susceptible S,(t), exposed E,(t), asymptomatically infected 
Aj, (t), symptomatically infected without microcephaly, referred to as infected [,(t), infected with 
microcephaly Ij,,,(t), and recovered R;(t). The total adult population consists of six classes: susceptible 
Sw(t), exposed E,,(t), asymptomatically infected A,,(t), symptomatically infected, referred to as 
infected [,,(t), infected with microcephaly Iyy;,(t), and recovered R,,(t). The total vector population 
consists of three classes: susceptible S,,(t), exposed E,(t), and infected I,(t). 
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Hence, the total newborn baby population is N,(t) = S),(£) + Ey(t) + Ap(t) + Ip(t) + Ibm (#) 4 
R,(t), the total adult population is Ny(t) = Sw(t) + Ew(t) + Aw(t) + lw(t) + Iwm(t) + Rw (t), 
the total vector population is N,(t) = S»(t) + Ey(t) + I,(t), and the total human population is 
N,(t) = Np (t) + Nw(t). The flow diagram of the compartment model is shown in Figure 1. Therefore, 
the ZIKV disease model with sexual transmission and vertical transmission is written by a system of 
differential equations under defined assumptions. 


Sy (t) =70y [(1 — qe) Ew(t) + (1 — 41) L(t) + (1 — qr) Rw(E)] 
— Ay (Io, Np) Sp(t) (1 — uy (£)) — (& + My) Sp (E) 

E,(t) =7pqeEw(t) + pAv (lo, Np)Sp(t) (1 — ua (t)) 
— (& + Op + Hy) Ep(t) 


Ay (t) =(1 — p)Ap (To, Np) Sp(t)(1 — u(t) — (& + Yb + Hy) Av (E) 
T(t) =7p4qrlw(t) + opEn(t) — («+ Ye + Ho) Io(E) 

Tym (£) =(1 — 1) 2pqRRw(t) — (a + Hy) 

R,(t) =r7tpqRrRw(t) + Yo(Ao(t) + In(t)) — (& + He) Ro(E) 

S(t) =aS)(t) — Aw(o, Nw) Sw(t)(1 — u1 (t)) 


— As(Ew, lw, Nw)Sw(t)(1 — u2(t)) — po Sw () 
Ety(t) =pSw(t) [Aw(Io, Nw) (1 — uy (t))— 

As(Ew, lw, Nw) (1 — u2(t))] — (Cw + Pw) Ew (t) 
Aig (t) =(1 — p) Sw(t) [Aw (Lo, Nw) (1 — u(t) — 

As (Ew, Ly, Nw) (1 = u2(t))] = (Yw as tw) Aw(t) 


(1) 


Ty (t) =O — (Yo + Hw) eo(t) 
ae =elpm (t) — Hw (t) 
Ri, (t) =X a ) + Yw(Aw(t) + Io(t)) — HwRw (#) 
Si (t) =7o(1 — u3(t)) — Av( Ep, Ip, Ew, Leo, No» Nw) Sv(#) (1 — 1 (t)) 


— (Ho + rous(t))So(E) 
E‘(t) =A,(Ep, li, Ear lw, Np, Nw) So(E) (1 = uy(t))— 
(+ fo + Tous (t))Eo(t) 


I(t) =0yE,(t) _ (Ho + rou3(t))Ip(t) 

where . ; 
Ap (Iv, Np) = Pe te, Aw(Io, Nw) = ls 

w 

Ty + PsEw 

As(Ew, Lewy Nw) = Bs [eee] , 

w 
Ty + PwEw + y(Ip + ppEb) 
Nw + Np 


Av(Ep, Ih, Ew, lw, Np, Nw) = Bob | 


are the force of infection rates. 

In the system, a susceptible adult can be infected either through the bite of an infected vector 
or sexual contact with an exposed or symptomatically infected adult. The infected class is more 
contagious due to the higher load of viremia [29], hence the infection modification parameters (ww, Ps 
are introduced for vector transmission and sexual transmission of an adult. 

The newborn baby could be infected directly by mosquitoes or intrauterine via pregnant 
mother [30,31]. We assumed that the exposure rate of babies is different from adults, represented 
by the modification parameter 7 > 0. The infection modification p, is introduced as well. In the 
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vertical transmission in babies, it occurred in some cases that newborn baby is infected during 
pregnancy [31,32]. 


(1 — p)(Aw + PAs) 


Figure 1. Flow diagram of the Zika virus model. 


We assumed that babies are born with infection due to vertical transmission by the parameter 
O < ge,41,9r < 1. Let the newborn birth rate be 7ty, the fraction of healthy newborn babies are 
4((1 — qe)Ew + (1 — 41) Iw + (1 — qr) Rw), and the infected babies are the remaining 71)q¢Ew, ™pqilw, 
and 7t,qrRw fractions. A recovered mother might give birth to the baby with microcephaly [30], 


and the baby born with microcephaly is assumed by the fraction (1 — r)7t,qrRw in this paper. 


Individuals with microcephaly experience a delay in development [33] and severe neurological 
disorders, so they are likely to have a short lifespan. Hence, we assumed that the adults with 
microcephaly do not reproduce or are involved in sexual transmission. The asymptomatically 
infected babies and adults are assumed to be noncontagious for both human and vector. Furthermore, 
the mortality rate from the disease is considered negligible. All parameter descriptions are summarized 
in Table 1. 

Based on WHO [19] and Centers for Disease Control and Prevention (CDC) [20] suggestions, 
we considered vector, vertical, and sexual transmission the three control parameters selected for the 
model. The control variable u(t) is the use of mosquito repellents to prevent or reduce the biting 
from mosquitoes. The control variable u(t) is the procedure such as using protection for preventing 
pregnancy or unsafe sexual activity. The control variable u3(t) is the use of insecticide to control or 
eliminate the mosquito population. By applying control strategy, forces of infection in the adult and 
baby populations decrease by the fraction of (1 — u;(t)) and (1 — u2(t)). Correspondingly, the force 
of infection in vector population decreases by a fraction of (1 — u1(t)). Lastly, the recruitment rate 
of mosquito decreases by a fraction of (1 — u3(t)). It was also assumed that the mosquito death rate 
increases by rou3(t), where rg > 0. Remark: If the value of each control parameters 11, U2, and wg is 
equal to zero for all given period, the model in the system in Equation (1) would be the Zika virus 
model without controls. 

The controls 11, uz, and u3 are determined to minimize the given objective function: 


t 

f 
J (uy, U2, U3) =| (AiEy + Agl, + A3Ew + Aglwt 
: (2) 


1 
AsNo + 5 (Biv + Bou 4 Bgu3))) dt, 
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subject to the state of system in Equation (1). 
Table 1. Definition of variables and parameters. 


Variable Definition 


Sp(t), Sw(t) Susceptible newborn babies and adults 
E,(t), Ew(t) Exposed newborn babies and adults 
A,(t), Aw(t) | Asymptomatically infected newborn babies and adults 
Symptomatically infected newborn babies without microcephaly and symptomatically 
I(t), T(t) ; 
infected adults 
), Iwm(t) Newborn babies and adults with microcephaly 
,Rw(t) Recovered newborn babies and adults 


So(t) Susceptible vectors 

E,(t) Exposed vectors 

I(t) Infected vectors 

Parameter Definition 

Th Birth rate of newborn babies 

a Maturity rate of babies 

p Fraction of symptomatic infection 

1—p Remaining fraction of symptomatic infection 

QE, 9 4R Fraction of newborn babies who are infected from pregnant adult of each class 
1-r Fraction of newborn babies who are infected with microcephaly 


Bu B Transmission probability per contact from infected vectors to susceptible newborn babies 
bey and adults 


Bo Transmission probability per contact from infected humans to susceptible vectors 
Bs Transmission probability per sexual contact from infected humans to susceptible humans 
q Exposure modification parameter in babies 

Pb, Pw Infectivity modification parameters in exposed babies and adults 

Ps Sexual infectivity modification parameters in exposed adults 

Cp, Cw Progression rate of exposed newborn babies and adults 

Yb, Yw Recovery rate of newborn babies and adults 

Lo, Hw Natural death rate of newborn babies and adults 

Ty Recruitment rate of mosquitoes 

b Biting rate of mosquitoes 

Op Progression rate of exposed mosquitoes 

Ho Mortality rate of mosquitoes 


In Section 4, we find a set of controls that minimize the number of exposed humans, 
symptomatically infected humans, all mosquitoes and the costs related to the controlling 
implementation. Firstly, we introduce constants A;, Az, A3, Ag, and As as the weighted constants 
related to the exposed newborn babies, symptomatically infected newborn babies, exposed adults, 
symptomatically infected adults, and all mosquitoes, respectively. The constants B;, Bz, and B3 are the 
weighted constants of the control variables u, u2, and u3, respectively. The terms 5 Byut, 5 Bo a and 
5 B3us are the implementation costs of the three controls. The cost included in the first control might 
be the prices of using insect repellent, mosquito net, and herbal spray for instance. The cost included 
in the second control might be the prices of providing protections or warning leaflets about the safe 
sexual activity. The cost included in the last control could come from the expenses of using mosquito 
pesticides and the process implementation. 


3. Differential Evolution 


The differential evolution algorithm is a population-based optimization algorithm, introduced by 
Storn and Price [27,28]. It is also one of the Evolutionary algorithms developed to find the parameter 
values and optimize real parameters or functions. DE is suitable for various practical problems which 
are nonlinear, non-differentiable, and multi-dimensional. The process consists of four parts, namely 
initialization, mutation, crossover, and selection. 
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Suppose optimizing a problem consisting of D predicted parameters with N, number of 
population. Then, a D—dimensional vector is solved by the following main steps until the best 
solution vector reaches the termination criteria. 


Step 1. Initialization 


The DE algorithm randomly selected a population of the parameter vectors (ee - ee apie re ay 
b=1,2 005 Np} where G is the generation number. Define the initial population as 
G iF u L . 
xP, = x7 + Gila? — 37), Je I1j2,.2%,D 
“1, where xy is the lower bound and xi is the upper bound of the 
j-th parameter and @; is a uniformly distributed random number between 0 and 1. Then, each of the 
Np parameter vectors will undergo mutation, crossover, and selection. 


that is each parameter xP € [x7, x 


Step 2. Mutation 


This process helps expand the search space. For each target vector xe, randomly select three 
vectors cae ao and cat such that each index i, r1, r2, and r3 is different. Then, a mutant vector ue is 
generated by 

G G G G 
OF = XH a0 F(x79 ~~ x73) 
where F € [0,2] is the mutation vector and v® is called the donor vector. 
Step 3. Crossover 


Crossover or recombination process involves successful solutions from the previous generation. 
First, a trial vectors wr is produced from ve and by 
G of if rand; < CR, or j = Tana 
xP, if rand; > CR and j # Tana 
where rand; ~ U[0,1] for a comparison to the crossover rate CR € [0,1], and Tpang is a random index in 
{1,...,D} that u& gets at least one component. 


Step 4. Selection 

The next generation vectors are selected by comparing the target vector - and trial vector ue 
and selecting the one with the lowest objective function value. The objective function is given by 
comparing the value of E,, I,, Ey, I,, and Nz in the system in Equation (1) by applying vector i and 


G+1 js replaced by uS or ye under the following condition, 


x Thus, the next generation vector x; 


cu _ J uf ifs(uf) <J(xf), 
me otherwise, 


where J is the objective function (see Section 4). 
Step 5. Repeating 


After obtaining a new target vector, the mutation, crossover, and selection steps are repeated until 
the termination criteria are met. 


4. Numerical Simulations for Sub-Optimal Control Problem 


4.1. Sub-Optimal Control Problem 


Given the objective function as defined in Equation (2), we assume there exists a solution 
(ui, U5, us) of the optimal control problem characterized by the Pontryagins Maximum Principle [21]. 
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Since the implemented result of the optimal control problem is complicated for the real situation, 
a sub-optimal control problem is proposed. The idea of sub-optimal control problem is based on 
the works of Rodrigues et. al. [16] and Moulay et al. [17], and the Model Predictive Control [22]. 
Regarding MPC, its strategy is based on the model of the system, a cost function which penalizes the 
undesirable behaviors, and constraints which represent the system limits. Furthermore, the stability 
and suboptimality of MPC can be estimated from the control horizon and the cost function [23,24]. 
For our nonlinear unconstrained model with a finite horizon, the continuous time horizon is discretized 
into N time horizon as 


fo =O<t <i <...<tn-isty. 


Then, each of the controls u(t), u(t), and u3(t), in each time horizon, is approximated by a 
piece-wise constant control such that 


uy(t) = u4;, for t;_7§<t<t;,,i=1,...,N 
up(t) = uy;, for tj_47§<t<t;,i=1,...,N (3) 
u3(t) = u3;, for tj <t<t;,i=1,...,N 


where u1;, U2;, and u3; are constants and are referred to as the control parameters. Thus, for our 
model with now N control parameters for each uy, U2, and u3, we have total 3N parameters to be 
minimized. Let 


z = [u11, U21,U31,---, UN, U2N, U3n] € RON. 
Then, the sub-optimal control problem is to 
min](2) (4) 
subject to the system in Equation (1) and J is as defined in Equation (2). 


4.2. Numerical Simulations 


The simulations in this work are constructed using the parameter values in Table 2. Since the Zika 
virus is still under investigation and discovery, some parameter values are obtained from the previous 
study of other mosquito-borne viruses. The initial conditions are also selected for the theoretical 
sense and illustration purpose. The initial conditions for the system in Equation (1) are given by 
S,(0) = 10,000, E,(0) = 100, A,(0) = 100, I,(0) = 40, Ipy_,(0) = 10, Rp (0) = 50, S,,(0) = 200,000, 
Ew(0) = 1000, Aw(0) = 1000, I(0) = 100, Ivm(0) = 50, Rw(0) = 1000, S,(0) = 10,000, E,(0) = 1000, 
and I,(0) = 100. The weight constants are given as A; = 0.025, Ay = 0.025, Az = 0.025, Ay = 0.025, 
As = 0.025, E; = 20, Ex = 20, and E3 = 20. The total time span is 120 days, which is approximately 
four months. 

From [24], the performance bound, which depends on the time horizon N and the cost function, 
could be computed to estimate the distance between MPC cost and the optimal cost. It also suggests 
that the time horizon N should not be too small. Hence, in our simulation with the total time of 
120 days, we consider two scenarios with the different time horizon N as follows: (i) with N = 4; 
and (ii) with N = 8. All controls must be non-negative and let the maximum value be 0.9 since 
it is almost impossible to fully implement each control strategy. The numerical simulation from 
each scenario is generated with the DE algorithm with the maximum iteration of 150, F = 0.850, 
and CR = 1.000. Number of population Ny» is 120 and 240 for Scenarios N = 4 and N = 8, respectively. 
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Table 2. Parameter values. 


Parameter Value References 
Tp pes 234] 

a ines [13] 

Pp 0.5 [13] 

JE, 9R 0.5 [13] 

r 0.5 [13] 

Bp, Bw 0.33 [13,35] 
Bo 0.5 [12] 

Bs 0.05 [12] 

y 0.5 Assumed 
Pb Pw 0.5 [13] 

Ps 0.6 [12] 

Cnr Cw 7s [36] 

Yor Vw as [36] 

Po iRaaae [3] 

Hw ate [35] 

Ty 500 [36] 

b 0.5 [35,37,38] 
o i [37] 

Ho a [38] 

a 0.1 [18] 


(i) Scenario N = 4 


In this scenario, the period is 30 days or one month for each time horizon. Figure 2 represents the 
simulation of three controls over 120 days. From the graph, the levels of u1 and 2 are at the highest 
around 0.36 and 0.37 in the first month, respectively. After that, the levels of both controls u, and u2 
discretely drop in the second month and become approximately zero in the third month. Differently, 
the level of control u3 stays at the maximum value 0.9 during the entire time. 

The objective function value is 2.293810 x 10°, where the control values are: 


uy = |0.379390 0.01558 0.00038 0.00007] 
U2 = |0.365622 0.08256 0.01328 0.00136] 
u3 = {0.900000 0.90000 0.90000 0.90000]. 
1 
0.8 = | 
= ol = J 
5 
3 
FO a acerca J 
a 
0.2 J 
0 L 


20 40 60 80 100 120 
Figure 2. Level of controls from Scenario (i) N = 4. 


(ii) Scenario N = 8 
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In this scenario, the period is 15 days or approximately two weeks for each time horizon. Figure 3 
represents the simulation of three controls over 120 days. From the graph, 1 is at the highest level 
around 0.6 in the first two weeks and discretely drops to approximately zero within one month. For 2, 
it reaches around 0.45 for the first two weeks, then drops to nearly zero after the second month. 
Differently, the level of control u3 stays at the maximum value 0.9 during the entire time. 

The objective function value is 2.293640 x 10°, where the control values are: 


uy, =[0.59757 0.17349 0.02167 0.01069 
0.00873 0.00128 0.00201 0.00539] 
uy =[0.45277 0.25743 0.12570 0.04461 
0.01469 0.00008 0.01466 0.00918] 
uz =[0.89999 0.89998 0.89999 0.89999 
0.89997 0.89999 0.89999 0.89998). 


The simulations in Figures 49 represent the number of exposed babies, infected babies, exposed 
adults, infected adults, exposed vectors and infected vectors, respectively. In each graph, the dotted 
line represents the model without control, the solid line represents the control model with Scenario 
N = 4, and the dashed line represents the control model with Scenario N = 8. In Figures 4-9, the 
numbers of exposed and infected individuals from the model with controls are less than those of the 
model without control. This implies that control strategy ceases the serve of the disease. The models 
from both scenarios yield very close results where N = 8 is slightly better. Notice in Figures 4—7 that 
the disease spreads heavily during the first month. Later, those patients decrease and become stable 
after two months, corresponding to the drop in control u; and u2 after two months. Thus, both u1 and 
uz contribute to the control of the disease. The control u3 contributes the most and becomes the top 
priority in the strategy. 


Level of controls 


ort  aaeiieiiiaiamniel 4 
Hebei tee 


. 0000000 Oaraeannennened 
20 40 60 80 100 120 
time 


Figure 3. Level of controls from Scenario (ii) N = 8. 
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Figure 4. Simulation results of exposed newborn babies from: (i) the model without controls; (ii) the 
control model with N = 4; and (iii) the control model with N = 8. 
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Figure 5. Simulation results of symptomatically infected newborn babies from: (i) the model without 
controls; (ii) the control model with N = 4; and (iii) the control model with N = 8. 
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Figure 6. Simulation results of exposed adults from: (i) the model without controls; (ii) the control 
model with N = 4; and (iii) the control model with N = 8. 


77 


Axioms 2018, 7, 61 


T 
Without control 
—N=4 
500 ; Soave 8 


Infected Adult 


Ll i i 
0 20 40 60 80 100 120 


Time 


Figure 7. Simulation results of symptomatically infected adults from: (i) the model without controls; 
(ii) the control model with N = 4; and (iii) the control model with N = 8. 
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Figure 8. Simulation results of exposed vectors: (i) the model without controls; (ii) the control model 
with N = 4; and (iii) the control model with N = 8. 
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Figure 9. Simulation results of infected vectors from: (i) the model without controls; (ii) the control 
model with N = 4; and (iii) the control model with N = 8. 


5. Conclusions 


In this work, we developed the dynamical model of ZIKV disease with sexual transmission 
and vertical transmission. We proposed sub-optimal control problem with three control parameters: 
vector elimination, human-vector reduction, and human-human contact reduction. To find the control 
solution which is easy to implement, we partitioned the controls into discrete intervals. By using 
Differential Evolution, we solved and presented the numerical scenarios with four time horizons and 
eight time horizons. The simulations of both controls efficiently reduce the number of exposed and 
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infected patients where the model with eight intervals yields a slightly better result. Controls 1, using 
repellents to prevent mosquito biting, and uz, avoiding pregnancy and unsafe sexual activity, should 
be applied mostly during the peak of the disease. After the disease dies out or becomes stable, the 
level of both controls will decrease. Mosquito elimination should be the first focus in controlling the 
disease, corresponding to the primary procedure announced by general health authorities. However, 
the cost associated with each control in this simulation is set to be equal. The consideration of adjusting 
the relative cost according to alternative scenarios might provide different results. Additionally, 
if more information is available in the future, the simulations should be conducted again using more 
precise data. 
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1. Introduction 


Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, 
Euler numbers and polynomials, Genocchi numbers and polynomials, and tangent numbers and 
polynomials. The class of Appell polynomial sequences is one of the important classes of polynomial 
sequences. The Appell polynomial sequences arise in numerous problems of applied mathematics, 
mathematical physics and several other mathematical branches (see [1-14]). The Appell polynomials 
can be defined by considering the following generating function: 


t {2 tf" 
A(t)e™! = Ao(x) A(x) a A2(x) 5 uo An(x) eae 
. « (a) 
= iw An (x)—, (see [5,7,8]), 

n! 

n=0 . 

where 
t 2 t" 
A(t) = Ao + A1z; t Ara bees Ane t+++,Ag £0. 


Alternatively, the sequence A;,(x) is Appell sequence for (g(t), t) if and only if 


1 xb is) ff 
zh) —_ ps An (x) nl’ (see [5,7,8]), 


where 


(ore) yu 
g(t) = gn, 80 #0. 
n=0 . 


Differentiating generating Equation (1) with respect to x and equating coefficients of Oi we have 


—An(x) = nNAn_1(x),n = 0,1,2,3,---. 
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The typical examples of Appell polynomials are the Bernoulli and Euler polynomials (see [1—14]). 
It is well known that the Bernoulli polynomials are defined by the generating function to be 


t oy = £ 
= idee pa (2) 


When x = 0, B, = B, (0) are called the Bernoulli numbers. The Euler polynomials are given by 
the generating function to be 
2 ot i 
sett = EE 9 
When x = 0, Ey = En (0) are called the Euler numbers. 


The Bernoulli polynomials BY (x) of order r are defined by the following generating function 


t® 


(st) = YB (|t| < 270). (4) 


n! 


The Frobenius—Euler polynomials of order r, denoted by HW”) (u, x), are defined as 


1—u\' ae tf 
( ) ext — Hy (2) —. (5) 


fo 
e—u Pa 


The values at x = 0 are called Frobenius—Euler numbers of order r; when r = 1, the polynomials 
or numbers are called ordinary Frobenius—Euler polynomials or numbers. 

In this paper, we study some special polynomials which are related to Euler and Bernoulli 
polynomials. In addition, we give some identities for these polynomials. Finally, we investigate the 
zeros of these polynomials by using the computer. 


2. Cosine-Bernoulli, Sine—Bernoulli, Cosine—Euler and Sine-Euler Polynomials 


In this section, we define the cosine—Bernoulli, sine—Bernoulli, cosine—Euler and sine—Euler 
polynomials. Now, we consider the Euler polynomials that are given by the generating function to be 


2 ; ha t 
(x+iy)t _ Acre 
eal” DL Ele +) (6) 
On the other hand, we observe that 
elttiy)t — exteiyt — ett (cos yt +isinyt). (7) 
From Equations (6) and (7), we have 
ca eee 2 xtiy)t 2 ot a 
2 Bile + iy) a ia iy)t — a (cos yt + isin yt), (8) 
and ; 
ba t 2 -_ 2 
H == (2 _ Vt _ xt ee 
= E(x iy) — sae x—iy ae (cos yt — isin yt). (9) 
Thus, by (8) and (9), we can derive 
2 of En(x + iy) + En(x —iy)\ t" 
Faye cost = ¥ ( “ 5 - oT (10) 
n= 
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and 


2 ye et (En(x +iy) + En(x — iy) \ t" 
aa” sin yt py yi nl (11) 


It follows that we define the following cosine-Euler polynomials and sine—Euler polynomials. 


Definition 1. The cosine—Euler polynomials EO) (x,y) and sine-Euler polynomials ES) (x,y) are defined by 


means of the generating functions 


= 2(C) e 2 at 
E 1) t, 12 
py n (x "7 ree i cosy ( ) 
and 
. 7(S) f" ae oe 
E Le t, 1 
LE oad = aye siny (13) 
respectively. 


Note that E (x,0) = En(x), B® (x, 0) = 0,(n > 0). The cosine—Euler and sine—Euler 
polynomials can be determined explicitly. A few of them are 


1 
EO (xy) =1, EO (x%y) =-5 4x, 


2 
Ezy) =-x4+2-¥, 
C 1 3x2 3y? 
ES (x,y) so eee oe x3 4 3 3xy?, 


EO (x,y) =x—2x3 +44 + 6xy* — 6x7y* + y', 


and : : 
Bayo. 2 ean 
ESS) (x,y) = —y + 2zy, 
ES) (x,y) = —3xy + 3x2y —¥’, 
EY) (x,y) =y — 6x7y + 4x3 y + 24? — xy’. 


By (10)-(13), we have 


Cc En(x + iy) + En(x -1 
Ey (x,y) _ ( y) 5 ( y) 
S En(x + iy) — En(x-1 
(x,y) ( y) 5; ( y) 


Clearly, we can get the following explicit representations of E,(x + iy) 
n 


En(x+iy) = ({) (x +iy)"-*Ey, 


En(x +i) = (f) Gy)" "Ei. 


k=0 


Let 
; © tk en & te 
e“' cos yt = Lele eN sin yt = Leng (14) 
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Then, by Taylor expansions of e* cos yt and e“ sin yt, we get 
ecoayt = Yo | (Sree a (15) 
k=0 \ m=0 ; 


and 


0° (] k tk 
ert sin yt = y_ yu & a 1) (rg net me (16) 
k=0 \ m=0 . 


where | | denotes taking the integer part. By (14)-(16), we get 


[3] yp ont 
Cy (x,y) = ye ( ) (cays _ i me 


m=0 2m 
and 
(F) k 
Sk (x,¥) = ( ) (a er yee, (k > 0). 
Xu 2m +1 


The two polynomials can be determined explicitly. A few of them are 

Co(x,y) =1, Cy(x,y) =x, Co(x,y) = x? =f, 

C3(x,y) = x3 —3xy*, Ca(x,y) = x* — 6x7? + y4, 

Gainer —ley tay, Gey) =P —6¢ 7 +r yy, 


x,y 
x,y 


and 
So(xy) =90, Silay) =Y,  So(x,y) = 2xy, 
S3(x,y) = 3x°y—y?,  Sa(x,y) = 42° y — 4xy?, 
Ss (x,y) = 5x*y —10xy2 +y°, S6(x,y) = 6x°y — 20x7y? + 6xy?. 
Now, we observe that 


2 o foe) t! co pm 
aaa” cos yt = arr Cm Wt 


m= 


foe) nN n t® 
= BCs] jy 
Xu (x (') nl! 


Therefore, we obtain the following theorem: 


Theorem 1. For n > 0, we have 
Cc n 
En (zy) = ( 1) E1Cu-u(29) 


and 


ES) away) = a 4 ESn—1(x,Y): 
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From (12), we have 


1=0 . 
= ie 7 (18) 
n C Cc 
= © (E(t) sens sn) & 
n=0 \/=0 . 
By (14) and (18), we get 
1 fy (*\ 2) (c) 
cate) = 5 (2 (7 Oy) +EOGy). (19) 
1=0 
Therefore, we obtain the following theorem: 
Theorem 2. For n > 0, we have 
Lf (*\ (c) 
Ci(x,y) = OY 2 ] E) (yi) Ee UGH) ) 3 
1=0 
and 
1/4/n S S 
Sn(z,¥) = 5 (3 @E (x,y) + En i) : 
1=0 
From (12), we note that 
(C) ee (1-x)t 
py n (1 xy) eae cos yt 
= oe al cos (—yt) 
= _ 4)! iE - _4ym a (20) 
_ yi 1) Eig pee 1) Cm, (X,Y) 1 
1=0 . m=0 Mm: 
oe) n _4)\n 
= s @ (7) 6.16.0) ( a - 
n=0 \i=0 . 


Therefore, we obtain the following theorem: 


Theorem 3. For n > 0, we have 


BOA) =" L (7) ECC) 


and 3 (8) 
EM (1 — x,y) = (-1)"1E9) (x,y) 


=(-1)"" y (1) E)Sn—1(x,Y). 
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Now, we observe that 


a (C) (5 +1y)— = e+) cos yt 


1 Ba 
520 nt! ef+1 


= e'(e' -1+1) cosyt 


(21) 


2 
= 2e*' cos yt — aq cos yt 


f* 


=F (2¢n(x,y) — E%,y)) © 


n=0 nt 
By comparing the coefficients on the both sides, we get 
BL (x +1,q) + EO (x,y) = 2Cu(x,y), (n > 0). (22) 
Therefore, we obtain the following theorem: 
Theorem 4. For n > 0, we have 
BLO (x +1, y) + BLO (x, y) = 2Cn(x, 9), 
and 


EW) (x + 1,y) + ED) (x,y) = 25n(x, 9). 


From (14) and (15), we have 


co k oo) pm 


t 2 
LONG = )0 (-1)"y "Omi (23) 
Therefore, by Theorem 4 and (23), we obtain the following corollary: 
Corollary 1. For n > 0, we have 


Cc Cc 
EL (Ly) + EO Oy) = 2(-1)"y", 


and 
S S 
ES) (Ly) + E09) (0) =2(-Dryt. 


By (12), we get 


Therefore, by comparing the coefficients on the both sides, we obtain the following theorem: 


Theorem 5. For n > 0,r € N, we have 
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n 


Cc n n— 
EI oxtr,y) = sy @ FO (x,y)r K 
k=0 


and 


nN 
EP try) = 2 (F)E Gye 
k=0 


Taking r = 1 in Theorem 5, we obtain the following corollary: 


Corollary 2. For n > 0, we have 


and 
n 


2554) = ey) (x,y) +o @ EO) (x,y). 


From Corollary 2, we note that 


Cc Hf n Cc 0, ifn =2m+1, 
Ey (0,y) n> 6 E (0,y) = 2(-1)"y2™, 


ifn = 2m, 


and 
E'S) (0, y) +)0 


k=0 


n\ (Ss) 2(-1)"y2"41, ifn =2m+1, 
E = 
(i) p(y) 0, ifn = 2m. 


By (12), we get 


8 L(C) "0 2 
XL 5y En (“WF = ax fad cos yt 


2 
= te“! cos yt 


e+1 
oe) t® 


Comparing the coefficients on the both sides of (27), we have 


0 WC Cc 
= En (ay) = nELy (2,9). 


Similarly, for n > 1, we have 


2 £9) (x,y) = nE®, (x,y), 


Ox n—-1 

0 (Cc S 

jyEn ey) = NE (9), 
0 


S Cc 
Th (x,y) = nEO (x,y). 
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Now, we consider the Bernoulli polynomials that are given by the generating function to be 


t e(x+iy)t a 
aly =5 Bn(x + iy) 
We also have 
y" Bn(x + ie _—s e(ttiy)t — : e*' (cos yt + isin yt) (28) 
ea nt! e—1 e—1 
and 
= ate t _iy\t a - 
» By(x iy) ae tak iy)t — <= 1 (cos yt —isinyt). (29) 
Thus, by (28) and (29), we can derive 
Bae —  ( Bul(x + iy) + Bn(x —iy)\ t” 
ef—1° cosy! = Jo ( 2 nl’ (30) 
= (x + iy) + Bula iy) 
t ow. St ( Bn(x t+ iy) + Ba(x —iy)\ t" 
a T° sin yt ma oF a (31) 


It follows that we define the following cosine-Bernoulli and sine-Bernoulli polynomials. 


Definition 2. The cosine-Bernoulli polynomials Bie mi 


defined by means of the generating functions 


x,y) and sine—Bernoulli polynomials Bs Mx, y) are 


n 


oa t t 

) B BO) (x, er A roa ‘cos yt, (32) 

n=0 
and 

t A 

z Bs Nox, ns = qe" sinyt, (33) 

respectively. 
By (30), (31), (32), and (33), we have 


BO Bn(x + iy) + Bu(x— iy) 


Bu (x, y) = 5) , 
B®) (x,y) _ Bal(x +iy) 7 By(x — iy) 
i 
Note that BO) (x,0) = B,(x) are the Bernoulli polynomials. The cosine-Bernoulli and 


sine-Bernoulli polynomials can be determined explicitly. A few of them are 


Cc c 1 
Sy) =L BOY) =-5+%, 


1 
By (xy) = gate -¥, 
Cc x 3x2 7 
By (“y= 5 5 px 4 3xy*, 
1 
Bay) = 30 + x — 2x3 + xt — y? + 6xy y t+y 
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and 6 5) 5) 
BY) (x,y)=0, BM (x,y) =y, BY (x,y) =—y + 2xy, 


BS) (x,y) ={ 3xy + 3x7y— y’, 


BY) (x,y) = Qxy — 6x7y + 4x9y + 2y? — 4xy?. 


From (32), we have 
. (ry yt _ txt 
2B OM a = gage OM 


es) 1 oo m 
- (ZF) (E Cul) (34) 


m=0 


= . (3 (‘) BC - 


n=0 \l=0 


Comparing the coefficients on the both sides of (34), we obtain the following theorem: 


Theorem 6. For n > 0, we have 


BW (x,y) = > (") BiCn_1(%,Y), 


i=0 
and : 
n 
BO) (x,y) — LS (7) B15 -u(2. 
1=0 
By replacing x by 1 — x in (32), we get 
a) mot axe 
2 nm (1 uY) 7 ls x) cos yt 
=! e*' cos yt (35) 


1—et 


(—1)"Br (ay). 


lI 
12 


Therefore, we obtain the following theorem: 
Theorem 7. For n > 0, we have 
Cc (a 
BY (1 — x,y) = (-1)"By” (x,9), 


and 
BY) (1 — x,y) = (-1)"*1BY) (x,y). 
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Now, we observe that 


ee i t 
yy BI (x Lq) => jet cosyt 


= te“' cos yt cae 


t : 
os, 
=)" naa ”)— “+ Lae 


yn 
= (nna (xy) a BC ~ ne 
n=0 . 


Thus, by (36), we get 
By) (x + Ly) = nCya(xy) + By (x,y), (> 1). (37) 
Therefore, by (37), we obtain the following theorem: 
Theorem 8. For n > 1, we have 
BI (x + Ly) — BY (x,y) = nCna(x,y), 


and 


BY) (x + 1,y) — By (x,y) = nSp—1(x,y). 


Now, we define the new type polynomials that are given by the generating functions to be 


Faq ost = ba EL (38) 
and 
= 7m yt = = E(S)( aa (39) 


respectively. 


Note that E\° (0) = E, ESS) (0) = 0, ES (0, y) = EX (y), ES (0,y) = EM (y), (n > 0). The new 
type polynomials can be determined explicitly. A few of them are 


c 1 c Cc Lee 
EW = EG =-3 EPaw=—-~, EW) = gts, 


and 
s & s $s 
EW =0 EPxy=y EM ay =—-y E(x) =—y, 
EP (xy) =y+2P EPG y=, EP (xy) = -3y—5y — 37. 


From (38) and (39), we derive the following equations: 


2 oo [5] k . tk 
a oa cos yt = > x ( ) A)" Ean ii kt! (40) 


k=0 \ m=0 2m 
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and 
2 oo} (] k SPA tk 
= si a —1)" a —. 41 
re hae Xu Lu ia alt 1) Ex—2m—1Y kl ( ) 
By (38)-(41), we get 
[3] 
EO (y) = 2 (i) DPE am (42) 
m=0 
and , 
[2] 
(S) = n _4\m, 2m+1 > 43 
BO) = Sapte) DM En ama( 2 0) (43) 


From (12), (13), (38) and (39), we derive the following theorem: 


Theorem 9. For n > 0, we have 


Nn nN ie 
EMG = 2 (ee, 


k=0 
and : 
S n = & 
Ey) = (Fx 2H). 
k=0 
Now, we define the new type polynomials that are given by the generating functions to be 
4 98 yt = be BO 5, (44) 
and 
join yt = py BS (45) 
respectively. 
Note that BS (0) = B,, BSS) (0) = 0, BO (0, y) = BY (y), BY) (0, y) = BY) (y), (n > 0). The new 


type polynomials can be determined explicitly. A few : them are 


c c 1 € 1 
BO (xy =1 BO KY =—5, BI KY =Z-¥, 
C 3y2 C 1 C 5y* 
By ay =, a ay\= Saye +y', Bf ay ==, 
(s) (5) (5) 
By (xy)=9, Briiay=y% By’ (ay) =—y, 
s S ¢ 5y? 
BY @y=5-¥, Bay =z, BP (xy) =-£-B+y. 
From (44) and (45), we derive the following equations: 
t = — u k 1)"B 2m - 46 
a, cos yt = ¥ y 2m (= ) k-2mY kt ( ) 
k=0 \ m=0 
and a 
zsin 2 i (-1)"B ema a (47) 
Y= 2a \ 2 \ om +4 ome kK 
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By (44)-(47), we get 
[5] 


n 
BO) (y) = >; (Sn) (DP B-am (48) 
m=0 
and 7 
BOS) _ fa! n m,,2m+1 k (49) 
n (y) = 2 m+1 (=1) y B= ante > 0). 


From (32), (33), (44) and (45), we derive the following theorem: 


Theorem 10. For n > 0, we have 
C = (H\ n-enlC 
BO (an =¥ (f)e" BOW), 
=0 


and 


Bay) = 2 (4) 2" 8). 


k=0 


We remember that the classical Stirling numbers of the first kind $;(n,k) and S(n,k) are defined 
by the relations (see [12]) 


c= 3 S1(n,k)x* and x" = 3 So(n,k)(x)k, (50) 
k=0 k=0 


respectively. Here, (x), = x(x —1)---(x—1 +1) denotes the falling factorial polynomial of order n. 
The numbers S (n,m) also admit a representation in terms of a generating function 


n 
(ef —1)" =m! Son, m)— (51) 
n=m 
By (12), (51) and by using Cauchy product, we get 
CO (C) t* = 2 + 7 
LF (x)= a4 (1—(1—e'))* cos yt 
_ 2 oe Yor 1-1 _ o-tyl 
=(aqz) owe ( ; Ja e') 
aS 2e% (=i) 2 got t 
=h<em (agi) 2) 
= Yc xdr Ye Solna Se Bo ye 
1=0 
Cc Nn {" 
“E(EE()swnttiinee)E 
n=0 \I=0i=I 


where < x >)= x(x+1)---(x+1/—1)(1 > 1) with < x >9=1. 
By comparing the coefficients on both sides of (52), we have the following theorem: 
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Theorem 11. Forn € Z+, we have 


BO (ea) = VEY (7) Sal DEAL) <*> 


0i=1 


)-EE( ) sali) i,1 ES) (— Ly) <xX>. 


0i=1 


By (12), (38), (50), (51) and by using Cauchy product, we have 


(0), i _ (2 oer 
Ler (“WF (zH) ((e' — 1) + 1)* cos(yt) 
2 © /x\ 
= Fai OH) be (F)e 15) 


Se 2 
Leo ee 
= ¥ (x) 5 Gi So(n, no =o EW iri 
1=0 n=0 
“E(EE(josamea) 
n=0 \J=0i=l . 


By comparing the coefficients on both sides of (53), we have the following theorem: 


Theorem 12. For n € Z,, we have 


IC N=EE (Ne (x) $2 DEY), 


i=!) 
N= LY (7) seEDEPL). 
Or] 
By (4), (12), (38), (50), (51) and by using Cauchy product, we have 
oo th 
Yo En’ (x9) 


n=0 


= (sa) e' cos(yt) 
(ef —1)"7! t er es ee 
= r! tr et —1 ai ye En YW 


n=0 
Caw (Faint) (Laws) z 
n=0 i n=0 
n n=l n—- i n 
= E(B Bsenn’ ("7 are) S 


By comparing the coefficients on both sides, we have the following theorem: 


94 


Axioms 2018, 7, 56 


Theorem 13. Forn € Z+ andr € N, we have 


n n n-l n— : 

=F Dannn (ee ion 
n n n-l n— . 

Pew =v = (ltr) (7 "JE. tBl?) 


By (5), (12), (38), (50), (51) and by using the Cauchy product, we get 


oC tt 2 
Le EK uy) = (z5) e*' cos(yt) 


n=0 

“ar (5) “(eno 

= Leona d (i) Ta (aa) om 
= ar “9 Ea oe EGE 


ea 
“E(k (or aes we 


By comparing the coefficients on both sides, we have the following theorem: 


Theorem 14. Forn € Z, andr € N, we have 


l 


(oar ates 


By Theorems 12-14, we have the following corollary. 


(7) nr wei), 


ll 
So 
ll 
fo) 


Fee 
R 
< 
= 
ee 
= 
lye 
= 
= 
M1 
Me: 
ce 
Ne? 


eos 
A 
~ 
R 
= 
ae 
> 
= 
L) es 
= 
it 
aly 


ll 
° 
= 

ll 
i] 


Corollary 3. Forn € Z, andr € N, we have 


ES (") cosaene he) 


1=0i=1 

= aaa BEG (wr eanerien 
n n n—l n— 

= FP seen S ("7 el com. 


3. Distribution of Zeros of the Cosine—-Euler and Sine-Euler Polynomials 


This section aims to demonstrate the benefit of using numerical investigation to support theoretical 
prediction and to discover a new interesting pattern of the zeros of the cosine—Euler and sine—Euler 


polynomials. Using a computer, a realistic study for the cosine-Euler polynomials EO) (x,y) and 
sine—Euler polynomials E (5) (x,y) is very interesting. It is the aim of this paper to observe an interesting 


n 


phenomenon of “scattering” of the zeros of the the cosine-Euler polynomials EO (x,y) and sine-Euler 
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polynomials ES) (x,y) in a complex plane. We investigate the beautiful zeros of the cosine-Euler 


and sine-Euler polynomials by using a computer. We plot the zeros of the cosine-Euler polynomials 
EO) (x,y) (Figure 1). 

In Figure 1 (top-left), we choose n = 30 and y = —3. In Figure 1 (top-right), we choose n = 30 
and y = 0. In Figure 1 (bottom-left), we choose n = 30 and y = 1/2. In Figure 1 (bottom-right), 
we choose 1 = 30 and y = 3. 


: : & . 
We plot the zeros of the sine-Euler polynomials EG ) (x,y) (Figure 2). 
10 10 
ee 
5 5 
ee 
ee ee 
ee 
may of © ozs e ims) 
Ct) 
e® ee 
ee 
5 5 
Ge 
10. : 40 
50 0 50 50 50 
Re(x) Re(x) 
10 10 
5 ee 5 
ee eo 
ee 
+} : 
ins) mm) of —@_—_ © iD @ ———@ 
4 Ct) 
ee ee 
“ eo 7 
10 10 


Figure 1. Zeros of EO) (x,y). 


In Figure 2 (top-left), we choose n = 30 and x = —3. In Figure 2 (top-right), we choose n = 30 
and x = —1. In Figure 2 (bottom-left), we choose n = 30 and x = 1. In Figure 2 (bottom-right), 
we choose n = 30 and x = 3. 

We observe that E\° (x,a),x € Chas Re(x) = 5 reflection symmetry in addition to the usual 
Im(x) = 0 reflection symmetry analytic complex functions, where a € R( Figures 1 and 2). 


Since ” (aye 
c) TAM 2 ayn) 
Len (1—x,-y) a cos yt 
= 2 xE _ . (C) iP 
ae coeyt> 1F (xy) 
we obtain 


EO (x,y) = (-1)"EO (1—x,-y), EX (x,y) = (-1)"EO (1 - x,y), 
ES) (x,y) = (-I)"EO A —x,-y), EO (x,y) = (-Iy" HEP a — x,y). 


Hence, we have the following theorem: 
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Theorem 15. [fn = 1 (mod 2), then 
EO (1/2,y) =0, Bi (1/2,y) =0, forn EN. 


Ifn =0 (mod 2), then 
BE) (1/2,y) =0, BS) (1/2,y) =0, forn EN. 


Our numerical results for numbers of real and complex zeros of the cosine-Euler polynomials 
EO) (x,y) = 0 are displayed (Table 1). 


10 10 


Im(x) 0 -_ ; -— Imo 0 —- a 


-5E 4 “5h 


Re(x) Re(x) 


Im(x) 0. Im) 0 —- - —- — 


Figure 2. Zeros of EMS) (x,y). 


Table 1. Numbers of real and complex zeros of EMO) (x,y). 


y=—3 y=2 
Degree n 
Real Zeros Complex Zeros’ Real Zeros Complex Zeros 
1 1 0 1 0 
2 2 0 2 0 
3 3 0 3 0 
4 4 0 4 0 
5 5 0 5 0 
6 6 0 6 0 
7 7 0 7 0 
8 8 0 8 0 
9 9 0 9 0 
10 10 0 10 0 


Our numerical results for numbers of real and complex zeros of the sine—Euler polynomials 
EW) (x, y) = Oare displayed (Table 2). 
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Stacks of zeros of the cosine—Euler polynomials go) (x,y) for 1 <n < 40 from a 3D structure are 


presented (Figure 3). 

In Figure 3 (left), we choose y = —3. In Figure 3 (right), we choose y = 1/2. The plot of real zeros 
of the cosine-Euler polynomials EO) (x,y) for 1 < n < 40 structure are presented (Figure 4). 

In Figure 4 (left), we choose y = —3. In Figure 4 (right), we choose y = 1/2. Stacks of zeros of the 


sine-Euler polynomials pe) (x,y) for 1 < n < 40 from a 3D structure are presented (Figure 5). 


Table 2. Numbers of real and complex zeros of gE) (x,y). 


x=-3 x=1 


Degree n 
Real Zeros Complex Zeros Real Zeros Complex Zeros 


BR 
Oo 
ray 
Oo 


OANDTFEWNFR 
WO ONNTTWWH 
oo.°o 6:0 o:o ©: Oo 
RSP OrRPN FP OWN We 
~aonorocedeo 


10 


40 


30 


" 20 


-50 0 50 


Figure 4. Real zeros of Eo (x,y). 
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Figure 5. Stacks of zeros of EY (x,y),1 <n < 40. 


In Figure 5 (left), we choose x = —3. In Figure 3 (right), we choose x = 1. The plot of real zeros of 
the sine—Euler polynomials ES) (x,y) for 1 < n < 40 structure are presented (Figure 6). 


40 


30 30+ 


Figure 6. Real zeros of EI) (x,y). 


In Figure 6 (left), we choose x = —3. In Figure 6 (right), we choose x = 1. 


We observe a remarkable regular structure of the complex roots of the cosine-Euler polynomials 
EO) (x,y). We also hope to verify a remarkable regular structure of the complex roots of the 
cosine-Euler polynomials EO (x,y). Next, we calculated an approximate solution satisfying 


Eo) (x,y) = 0,x € R. The results are given in Table 3. 
Table 3. Approximate solutions of BO (x,-3) =0,x ER. 


Degree n x 


1 0.50000 

2 —2.5414, 3.5414 

3 —4.7678, 0.50000, 5.7678 
4 —6.8305, —0.82832, 1.8283, 7.8305 
5 
6 
7 


—8.8303, —1.8336, 0.50000, 2.8336, 9.8303 
—10.799,  —2.7017, —0.40666, 1.4067, 3.7017, 11.799 
—12.751, —3.4960, —1.1389, 0.50000, 2.1389, 4.4960, 13.751 


Next, we calculated an approximate solution satisfying ES) (x,y) = 0,y € R. The results are 


given in Table 4. 
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Table 4. Approximate solutionsof Ee (-3, y) =0,yeER. 


Degree n y 
1 0.00000 
2 0.00000 
3 —6.0000, 0, 6.0000 
4 —3.3912, 0, 3.3912 
i) —10.687, —2.4038, 0, 2.4038, 10.687 
6 —5.9045, —1.8630, 0, 1.8630, 5.9045 
7 —15.241, -—4.1727, —1.5184, 0, 1.5184, 4.1727, 15.241 
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Abstract: In our paper, by using the concept of W—asymptotically 7 — statistical equivalence 
of order « which has been previously defined, we present the definitions of W—asymptotically 
Jy—Statistical equivalence of order a, W—strongly asymptotically 7, —statistical equivalence of order 
«, and W-strongly Cesdro asymptotically 7 —statistical equivalence of order « where 0 < a < 1. 
We also extend these notions with a sequence of positive real numbers, p = (p;), and we investigate 
how our results change if p is constant. 


Keywords: 7 —statistical convergence; asymptotic equivalence; set sequences; A = (An) sequence 


MSC: 40G15; 40A35 


1. Introduction and Background 


To make it easier to understand, we prefer to give introduction section in five parts. In first 
part, we give the main definitions related to statistical convergence: A-—statistical convergence, 
J—convergence, J/—statistical convergence, and 7) — statistical convergence. In the second part, 
we mention asymptotic equivalence and S—asymptotic equivalence. In the third part, we explain 
set sequences, and we give some important definitions for set sequences in the Wijsman sense. In the 
fourth part, we explain how statistical convergence and /—convergence were expanded using the 
number of « (0 < « < 1). Finally, in last part, we explain the purpose and innovations of our study. 


1.1. J, —Statistical Convergence 


Statistical convergence is a concept which was formally introduced by Fast [1] and Steinhaus [2], 
independently. Later on, Schoenberg reintroduced this concept in his own study [3]. This new type 
of convergence has been used in different areas by several authors in references [4—8]. Statistical 
convergence is based on the definition of the natural density of the set K C N and we define the 
\Kul Tn this definition, K, = {k € K:k <n} and |K,| gives 


n 


natural density of K by d(K) = limy-+.0 
the number of elements in K;,. 

Using this information, we say that a sequence (x) of real numbers is statistically convergent 
to the number L if d(K(e)) = d({k <1: |x, —L| > e}) = 0. In this case we write st — lim x, = L, 
and usually, S denotes the set of all statistical convergent sequences. 

Let A = (Ax) be a positive number sequence which is non-decreasing and tending to co. Also, 
for this sequence Ayj41 < An +1, Ay = 1. We denote the set of this kind of sequence by A, and we have 
the interval I, = [n — Ay, + 1,n] . Mursaleen [9] defined A—statistical convergence such that 


1 
lim —|{k € In: |x~—L| > e}| =0 
Xn 


n—-0o 
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for any ¢ > 0, and he denoted this new method by S,. On the other hand, Kostyrko, Salat and 
Wilezynski [10] introduced a new type of convergence which is defined in a metric space and is called 
J—convergence. This type of convergence is based on the definition of an ideal 7 in N. 

A family of sets, 7 C 2N_ is an ideal if the following properties are provided: 

(i) @ € J; (ii) A,B € J implies AUB € J; and (iii) for each A € J and each B C A implies 
Bef. 

We say that 7 is non-trivial if N ¢ 7 and J is admissible if {n} € J for every n € N. 

A family of sets, F C 2N isa filter if the following properties are provided: 

(i) @ ¢ F; (ii) if A,B € F then we have AM B € F; and (iii) for each A € F and each A C B, 
we have B € F. 

If 7 is an ideal in N, then we have, 


F(J)={ACN:N\AeE J} 
is a filter in N. 
Definition 1. ([10]) A sequence of reals x = (xx) is J — convergent to L € R if and only if the set 
Ag = {k EN: |x, -Ll >eh eT 
for each ¢ > 0. In this case, we say that L is the J —limit of the sequence (x). 


J—convergence generalizes many types of convergence such as usual convergence and statistical 
convergence. If we choose the ideals Jy = {A CN: Ais finite} and Jy = {A CN: d(A) =0}, 
then we obtain usual convergence and statistical convergence, respectively. 

Based on the statistical convergence and 7 —convergence, an important role was located in this 
area, J—statistical convergence, which was introduced by Das, Savas and Ghosal [11] as follows: 


Definition 2. ([11]) A sequence x = (x,) is J —statistically convergent to L if 
1 
{neNiTi{k<nilm—Lizeqlzobeg 


for every e > Oand 6 > 0. 


1.2. Asymptotic Equivalence 


Asymptotic equivalence was first introduced by Pobyvanets [12] and some main definitions 
and asymptotic reguler matrices were given by Marouf [13]. Bilgin [14] defined f— Asymptotically 
equivalent sequences, and on the other hand, asymptotically statistically equivalent sequences 
were presented by Patterson [15]. Giimtis and Savas [16] gave the definition of 7/—asymptotically 
A—statistically equivalent sequences by using the A = (A,,) sequence, and they were also interested in 
some inclusion relations between other related spaces. 

According to Marouf, if x = (x,) and y = (y,) are two non-negative sequences, we say that they 
are asymptotically equivalent if 

a 4 


k Vk 
This is denoted by x ~ y. 
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Definition 3. ([16]) Let J be an admissible ideal and A € A. Two number sequences x = (x,) and y = (Yx) 
are S' (J) —asymptotically equivalent of multiple L (or J — asymptotically A—statistically equivalent) if every 


6,e€ >0, 
{" n: 2 {k Ral i>ehaobes. 
An 


Yk 
In recent years, studies on set sequences has become popular. Firstly, usual convergence has been 
extended to convergence of sequences of sets. The first definitions of this subject were based on Baronti 
and Papini’s [17] work in 1986. Now, we revisit the definitions of convergence, boundedness, and the 
Cesdro summability of set sequences. Throughout the paper, (X,) is a metric space, and A, Ay, By C X 


1.3. Set Sequences 


represents non-empty closed subsets of X for all k € N. 
(X,e) is a metric, x € X is a point in X, and A is any non-empty subset of X. The distance from x 
to A is defined by 


A) = inf A). 
p(x, A) = inf p(x, A) 
Definition 4. ([17]) In any metric space, the set sequence {A,.} is Wijsman convergent to A if 
lim p(x, Ar) = p(x, A) 
k-00 
for each x € X. We write for this case W — limg_4o0 Ag = A. 
We would like to give a well known example of this subject. 


Example 1. In the (x,y)-plane, consider the Ay = {(x,y) : x? + y? + 2kx = 0} sequence of circles. We can 
easily see that for k — oo, this sequence is Wijsman convergent to the y-axis, i.e., A = {(x,y) : x =O}. 


Definition 5. ([17]) In any metric space, the set sequence { A,} is bounded if 


sup p(x, Ax) < 09 
k 


for each x € X. This is shown as { Ay} € Loo. 


Definition 6. ([17]) In any metric space, the set sequence { A,} is Wijsman Ceséro summable to A if 


n 


lim ~ "p(x, Ay) = d(x, A) 
k=1 


n->o 1 


for each x € X,and {A;} is Wijsman strongly Cesdto summable to A if 


: 1 n 
lim — )° |p(x, Ax) — p(x, A)| = 0 
k=1 


no 71 
foreach x € X. 
Nuray and Rhodes [18] introduced Wijsman statistical convergence for set sequences by 


combining statistical convergence with this new concept. Similarly, Kisi and Nuray [19] defined 
Wijsman 7 —convergence for set sequences with an ideal 7. 
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Definition 7. ([18]) Let (X,@) be a metric space. For any non-empty closed subsets, A, Ay C X, we say that 
the sequence { Ax} is Wijsman statistically convergent to A if {d(x, Ax) } is statistically convergent to d(x, A), 
ie.,€ >Oandx € X, 


i 1 . —— 
lim, *|{k <n: |p(x, Ax) — p(x, A)| > }] = 0. 


In this case, we write st — limw Ay = A or Ay — A(WS). We denote the set of all Wijsman statistically 
convergent sequences by WS. 


Definition 8. ([19]) Let (X,p) be a metric space and J © 2N bea proper ideal in N. For any non-empty 
closed subsets, A, Ay C X, we say that the sequence {A,} is Wijsman J —convergent to A, if for each e > 0, 
and x € X,, the set is 

A(x,e) = {k EN: |o(x, Az) — p(x, A)| > ef € J. 


In this case, we write Iw — lim A, = A or A, — A(Zw), and we denote the set of all Wijsman 
J —convergent sequences by Jw. 


Example 2. Let X = R? and { Ax} be a sequence as follows: 


Ae {(x,y) © Ri? +y?—2ky=0} fk Aw? 
i {(x,y) € R?: y=-1} ifk=n 


and 
A={(xy) €R?:y=0}. 


The sequence { Ax} is not Wijsman convergent to the set A. Howeverm if we choose the ideal J = Jy, 
then {Ax} is Wijsman J—convergent to set A,, where Tg = {T CN: d(T) =0}, and where d is the 
natural density. 


Definition 9. ([19]) In any metric space, let J © 2N be a non-trivial ideal and A, Ay C X. The sequence 
{Ax} is said to be Wijsman J —statistically convergent to A or S (Jw)-convergent to A if 


{n EN: *I{k< n: |e(x, Ax) — p(x, A)| > e}| = sh eT 


for each e > Oand each x € X and 6 > 0, and we write A, — A(S(Jw)). The class of all Wijsman 
J — statistically convergent sequences is denoted by S (Jw) . 


Recently, Hazarika and Esi [20] and Savas [21] obtained some results about asymptotically 
J statistically equivalent set sequences. 


1.4. The Number a 


In recent years, many concepts that are considered essential in this area has been reworked 
using the alpha number. In references [22,23], by using the natural density of order «, the statistical 
convergence of order « (0 < w < 1) was introduced. The new definition is not exactly parallel to that 
of statistical convergence. Some other applications of this concept are the A—statistical convergence 
of order a by Colak and Bektas [24], the lacunary statistical convergence of order « by Sengiil and 
Et [25], the weighted statistical convergence of order « and its applications by Ghosal [26], and the 
almost statistical convergence of order « by Et, Altin and Colak [27]. J —statistical convergence 
and J—lacunary statistical convergence of order « were introduced by Das and Savas in 2014 [28]. 
In all of these studies, n was replaced by n“ in the denominator in the definition of natural density, 
and a different direction was given. 
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In 2017, Savas [21] gave a new definition about Wijsman asymptotically 7 —statistical equivalence 
of order w (0 < « < 1) as follows: 


Definition 10. ([21]) In any metric space, let Ax, Be © X be any non-empty closed subsets such that 
d(x,Ax) > O and d(x,B,) > 0 for all x € X. We say that the sequences {Ax} and {Bx} are Wijsman 
asymptotically J — statistically equivalent of order « (0 < w < 1) to multiple L if for each e > 0,6 > 0, 
and x € X, 


{neNic we (ES F Gps Lf >ellasbes. 


(x Bx) 
. [s'(Jw)]" i F 
In this case, we write ie ~~ {B;}. It is obvious that [S"(Zy)|” denotes the the set of all 
sequences such that { A; } et al) {By}. 


1.5. Present Study 


It should be mentioned that the generalization of the concept of W—asymptotically 7 —statistical 
equivalence of order « for A = (An) sequences has not been studied until now. So, this brings 
to mind the question of how our new results will be if we use A and p sequences. This makes 
the study interesting. In this study, we searched for the answer to this question. We generalized 
W-—asymptotically 7, —statistical equivalence of order a and compared the properties of this new 
concept with the other type of convergences without A. 


2. Main Results 


Following this information, we now consider our main definitions and results. Throughout the 
paper, (X,p) is a metric space, 7 C2N is an admissible ideal, (An) € A and A% is the a!” power of 
(An)" of An, that is A* = (Ay)* = (AY, A$, -, AG, --), and p = (px) is a positive real number sequence. 
We use the W (Wijsman) symbol since our expressions are defined for set sequences. 


Definition 11. Let A,, By C X be non-empty closed subsets such that d(x, Ax) > 0 and d(x, By) > 0 for all 
x € X. Then, the sequences { Ay} and {B,} are W—strongly Cesdro asymptotically J —statistically equivalent 
of order « (0 < a <1) to multiple L if for each 5 > Oand x € X, 


i; p(x, Ax) ° 
neN: L} >SépEeE TS. 
n* Xu p(x, Br) 
[oL) (Iw)]" au 
For this situation, we write { A, } ~ {B,}, and Jour) (Jw) | denotes the set of all sequences 


oL(p) . 
(Avon ima ON ae 


Now let us give our definitions with the A sequence. 


Definition 12. Let Ax, By C X be non-empty closed subsets such that d(x, Ay) > 0 and d(x, Bg) > 0 for 
all x © X. Then, the sequences { Ax} and {B,} are W— asymptotically J, —statistical equivalent of order a 


[sx(Jw)]" 


(0 < w < 1) to multiple L and denoted by { Ax} 
1 
{" N: 7 


We denote the set of all sequences of { Ay} and {B,} such that { Ax} 


{Bx} if for eache > 0,6 >0,andx € X, 


fuses) -sdlees 


SDT" Fa.) by [Sk Tw)]". 
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Definition 13. Let Ax, By C X be non-empty closed subsets such that d(x, Ay.) > 0 and d(x, By) > 0 for all 
x € X. Then, the sequences { Ay} and {By} are W— strongly asymptotically J, —statistically equivalent of 
order « (0 < a < 1) to multiple L if for each 5 > Oand each x € X, 


1 Pk 
neN:— yo >bheT. 
Mn ke ly 


We denote the set of this kind of sequence by ee (Iw) | 


p(x, Ax) 


E 
p(x, By) 


The next theorem examines the relation between Savas’ definition and our second definition. 
Theorem 1. (i) If liminf > 0 then [S"(Fw)| 
(ii) liminf 3 = 1 then [Sk(Jw)]" < [S“(Iw)]". 


a sl a 
Proof. (i) Assume that An > Oand {A;} (Jw) {B,}. Then, there exists a 7 > 0 such that An > y for 


sufficiently large n. For every ¢ > 0, we have, 


mes [fen -t26} 2 a {ke ls 


copy — L| >e}. 


If we think about the number of elements of the sets that provide this relation, 


A |{e<n:|S@9H 1] > eh] > A] {ke In: |Se$H - 1] > e}| 
> thay | {ee in: |S} — 1] ><} 
> agg | {ke In: |S — 1] > bl, 

we get, for any 5 > 0, 

fn EN: [fk € Jy :[2248} —1| > e}] >} 


C{neNik 


‘1 


(tn: [sed —tJadlea}eg 


Then, we have the proof. 
An 


(ii) Let 5 > 0. Since lim inf“# = 1, we have m € N such that | “ 
n—-oo 


-1| < $ for all n > m. Fore > 0, 


1 p(x, Ar) ni —An , 1 p(x, Ax) 
mltesm: [Seems [2a] = abt ag teem Peay Hee 
1 1 p(x, Ag) 
< | = 
< 1-(1 5) rv {k dy ae Bp) >e 


for all n > m. Hence, 


{nEN: xe 


(rn: |ge 1] >] >4} 


C {n N: 


{ie In: [Ose — 1] > ef] > Shu {1,2,..m}. 


We know that the right side belongs to the ideal because of the theorem expression. So we have 
the proof. 
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Now let us investigate how the p = (p,) sequence affects the previous definitions. Initially, we use 
the constant p = (p) = (p,p, p, p, ..) sequence of positive real numbers in the following two theorems. 


[vs"aw]” [sk(Jw)] 


Theorem 2. (i) If {Ax} {By} then {Ag} °° ~ | {By}. 


(Iw) 


PT tag en (4g) OS Gay 


ii) If {Ag},{Bg} € Loo and {Ax} 


Lp Us 
[vs" (Jw)] 
Proof. (i) Let {Ax} ~ {B,} and ¢ > 0. For each x € X, 
o(x,Ag) _ i eer _ I’ 
J (seh 1 = pei, | ‘ 
(x,A 
poe —E|2¢ 
p . | eCAk) = | | 
ze [ke In p(x,Bk) . > e} 
and so, 
11 p(x, Ax) i| > J {x l, ee 1| >} 
eP Ai kEIn p(x, By) Mi p(x, Br) 


Then, for any 6 > 0 we have, 


{meN: ae {ke tn: [Seems —L] > ef] > 3} 
cen gig 2 
[sk(Jw)]" 


Therefore, {Ay} “~~ {Bg}. 


sh(Jw)]* 
(ii) Assume that {Ag},{By} € Loo and {Ax} aa) {B,}. There is an M such that 


eas = 1| < M for each x € X and all k. For eache > 0, 


(x,Bk) 
1 p(x Ag) 7 [Poa eee P 
Mi » p(x,By L ~~ AT B p(x,Br L 
kel, kel, 
P(X AK) 
PBR) L|2e 


p 


ie tr m ce ae is 


1 sp (x,Bg) 
P(X AR) 
pa By) L]<e 
. | ee An) 
= ae {ke In: has L2e 


lA 
8 
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and then for any 6 > 0, 


Now let us examine the above theorems for a non-constant p = (p,) sequence of positive 
real numbers. 


Theorem 3. (i) Let p = (px) be a positive real number sequence, infp, = h and sup,p = H. 
[Pw [sk(aw)]" 
{Ac} ~~ {Bg} implies {Ag} © ~~ {Bx}. 


sh(Jw)]" 
(ii) Let {A,} and {By} be bounded sequences, inf p, = h, sup, p = H and e > 0. Then, {Ag} | x(Jq)] 
vie) (Jw)] i 
{Bx} implies {Ax} ~~” {By}. 


[vi (aw)]" 
Proof. (i) Assume that {A;} ~ {B,} and e > 0. Then, we can write 


1 et An) 7 [PRO 
= [Sess = & OL 
kel, keln 
plxAg) 
mast —L|2¢ 


p(x-Ay) 


IV 
= 
Ed 
Be! 
ary 
> 
eo 
| 
Me 


P(X Ag) 
(x,Br) Lee 


IV 
=) 
M 
a 

4 
ley 
= 


IV 
=> 
M 
B. 
=) 
aa 
— 
= 

oq 
Yer 


IV 
| 
>| 
2 
=) 
“aS 
— 
las} 
VS 
> 
=~ 
mn 
Ww 
oc 
ee) 
aS 
~~ 
Mm 
il 
= 
Bes 
R 
PS 
an 
| 
Vv 
las} 
See 


and so for 6 > 0, we have 


(ren fee t:| ett] 2] 24 
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(ii) From the theorem’s statement there is an integer (M) such that [2 ae 


k) 1| < M for each 
x € X and allk. For eache > 0, 


1) 


{ p(x Ag) 7 [PR 1 e(x Ag) 7 |PE 
ae | ore. oc aa 
” kel, p(x,By) n kel, p(x,By 
p(x Ag) 
P(x,Br) ze 
+ Ae y p(x Ag) L Pk 
An Xx, 
i key p(x,By) 
p(x,Ag) 7 
px By) -L|<e 


lA 


|e os 1] > 5) me (ot ne 


max(e)Pk 
2 


>| 


1 . | eltAg) ¢ 
+ oor {ke Let ees 1| < 5} 


IA 


mow {ot a |e |e o>} 


{i In : [O40 o> s}> Salen | a 


2 max{ M/ “Mit 


Finally, in the last theorem we investigate the relationship between W/— strongly asymptotically 
J,—Statistical equivalence of order a and W-strongly Cesdro asymptotically 7 —statistical 
equivalence of order w. 


vi” 
Theorem 4. If {A;} ~ 


w)] 


oLlP) (J; yl“ 
{By}, then {Ag} OS) ay, 


L(p) : 
[vi (Iw) | 
Proof. Now, assume that {A,} ~ {By} ande > 0. 


7 —An 
cle. (x, Ak) _ " 1 p(xAn) yp |PE a” p(%,Ax) i> 
a » lps a p(x,B) rn | (xB) 
A Pr 1 n—An (x,Ax) Pr 
at 1 P\CAK i 7 P\ CA 
Some 2h loca) P| tag 2% loeay —% 
x Ar Pk 
Zz 25 ees oa, 
An kel, (x,By) 


3. Conclusions and Future Developments 


In our paper, we obtained some different results by defining the W—asymptotically 7 —statistical 
equivalence of order w for A = (A,) sequences. Later on, we generalized our results by using 
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a positive real number sequence p = (p,). Firstly, we compared the W—asymptotically 7 —statistical 
equivalence of order a and the W—asymptotically 7, —statistical equivalence of order « for set 
sequences. These results are important to understand the role of A. In other theorems, we investigated 
the relations between W—asymptotically 7, —statistical equivalence and W—strongly asymptotically 
Jy—Statistically equivalence of order w according to whether p is constant or not. Then, we searched 
for the relation between W—strongly Cesaro asymptotically 7 —statistically equivalent sequences of 
order « and W— asymptotically 7, —statistical equivalent sequences of order a. 

We know that the p sequence mentioned in this article is a sequence of positive integers. It is 
a matter of curiosity as to how the results will be obtained if the p sequence does not provide these 
conditions. On the other hand, it would be interesting to compare the results obtained using a different 
sequence to A with the results in this article. 
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Abstract: One-dimensional equations of telegrapher’s-type (TE) and Guyer—Krumhansl-type 
(GK-type) with substantial derivative considered and operational solutions to them are given. 
The role of the exponential differential operators is discussed. The examples of their action on 
some initial functions are explored. Proper solutions are constructed in the integral form and 
some examples are studied with solutions in elementary functions. A system of hyperbolic-type 
inhomogeneous differential equations (DE), describing non-Fourier heat transfer with substantial 
derivative thin films, is considered. Exact harmonic solutions to these equations are obtained for 
the Cauchy and the Dirichlet conditions. The application to the ballistic heat transport in thin 
films is studied; the ballistic properties are accounted for by the Knudsen number. Two-speed heat 
propagation process is demonstrated—fast evolution of the ballistic quasi-temperature component in 
low-dimensional systems is elucidated and compared with slow diffusive heat-exchange process. 
The comparative analysis of the obtained solutions is performed. 


Keywords: exponential operator; differential operator; Guyer-Krumhansl equation; moving media; 
non-—Fourier; heat conduction; Knudsen number 


1. Introduction 


Recent progress in technology and science has driven interest to studies of heat conduction beyond 
common Fourier law [1]: 0;T = ko T, where k is the thermal diffusivity, T is the temperature; Fourier law 
describes heat conduction in homogeneous matter at normal conditions well. New heat sources, such as 
lasers, microwaves etc, are employed in medicine, science and material processing for melting, welding, 
cutting, drilling, etc. Often heat source and treated media are in motion. Some of modern materials and 
media have one or two dimensions: ultra-thin films, layers and nano-wires. Highly inhomogeneous 
porous and multilayered media are also common in industry. First major deviations from Fourier law 
were found in liquid Helium and in some solid crystal dielectrics at low temperatures <25 ° K [2-5]. 
Proper phenomenon was called Second Sound [6]; its satisfactory qualitative mathematical description 
was proposed by Cattaneo and Vernotte [7], who supposed phonon heat transport in addition to 
Fourier heat diffusion. In terms of temperature it can be put as follows: 


(td? + 04)T = kepV2T (1) 


where kr is the Fourier thermal diffusivity, 7 = kp/ C? is the relaxation time of the heat waves 
propagation, which relates the moments of the temperature change and of the respective heat 
flux change. Cattaneo-Vernotte constitution implies a phase lag between the heat flux vector and 
the temperature gradient; in addition to heat diffusion the temperature perturbation propagates in 
matter like damped sound-wave at finite speed C = V/kp/T. The relaxation time T is associated with 
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th phonon-phonon interaction time; at normal conditions it is very small: t = 10—13 s. The Cattaneo 
Equation (1) is the particular case of the telegrapher’s equation (TE). 


(3 + e9,) F(x,t) = (293 + K) F(x, t), €, &, K = const (2) 


which takes its name because it describes the electric signal propagation in long electric lines 
without radiation [8]. For heat conduction we have t = 1/e, kp = a/e, uw = x/e and pw = Oin 
Equation (1); the source term, x # 0, describes heat exchange with the environment of low excess 
temperatures. However, precise quantitative description of the Second Sound with Equation (1) was 
not successful. There are reports on non-Fourier heat transport in highly inhomogeneous matter 
even at normal conditions [9-17], in fuel droplets [18], in biomaterials [19], in energy saving and 
insulating materials [20], in graphene, nanofibers, carbon nanotubes, silicon wires, etc. [21-27]. 
Heat transport in these cases was found close to that described by Guyer and Krumhansl (GK) 
in [28,29]. In the one-dimensional case in terms of temperature alone it has the following form: 


(# + €0; — 5x) T(x,t) = («93 + K) T (x,t), a, €, 6, K = const. (3) 
In its pure form the Guyer—Krumhansl law has x = 0. The following formulation: 


(<a? 4 ar) T(x,t) = (Dsds.s 4 pd? + a) T (x,t), (4) 


involves the parameters tT = 1/¢, p = x/e,kp = a/e, and D, = 6/e, where the latter, ky, is the ballistic 
type heat conductivity. The parameters in the above Equations (3) and (4) have the following 
dimensions: [t] = s, [kr] = ™, [D,] = m2, [u] = 1, [x] = 4, [a] = %, [3] = ™, and [e] = 1. 

Despite GK equation is usually associated with ballistic properties, which manifest when 
the characteristic system scale L is comparable or less than the mean free path / of the phonons L < I, 
contradictory opinions on it exist [30-32]. In particular, the term “ballistic” is questioned in the context 
of GK type heat conduction in macroscopic inhomogeneous materials at room temperature [10,11]. 
Moreover, more complicated system of equations was proposed for the ballistic heat transport in [30], 
while heat propagation in highly inhomogeneous materials was reported to be close to GK law [9,11]. 

Solutions to Hyperbolic Heat Conduction Equation (HHCE) can be obtained both analytically and 
numerically [33-40], although numerical methods seem to be more commonly used [41-44]. Analytical 


study gives deeper insight in the problem; operational analytical approach and solutions to HHE were 
developed in [45-50]. This method easily handles also other linear DE of high order and fractional 
DE [51-58]. Use of the exponential differential operators, such as the heat operator S = er [59] allows 
operational solution of GK-type Equation (4) as demonstrated in [47-50]. 

In what follows we will obtain some exact solutions to non-Fourier heat transfer in GK-type 
equation with the substantial derivative, where the speed of the media is constant, and will obtain 
some particular operational solutions to modified GK-type equation in this case. Moreover, we will 
study the important case of periodic initial conditions, which occur, for example, in polymer electrolyte 
fuel cells (PEFCs) [60-68], as well as in thin membranes and highly inhomogeneous porous periodic 
structures, in printed wired heating boards [69] etc. We will analyze the solutions for the heat transport, 
described by the system of inhomogeneous partial derivative equation, and use the Knudsen number 
to account for the ballistic conditions in 1- and 2-dimensional structures [70]. 


2. Ballistic Heat Transport Equations with Substantial Derivative 


For ultra-thin films and wires neither pure GK nor Cattaneo laws describe exactly heat transport 
phenomena, but their combination with Fourier law; it forms the following inhomogeneous system 
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of differential equations for the ballistic 6,(x,t) and diffusive component 64(x,t) of the complete 
dimensionless quasi-temperature 6 = 04 + 0p (see [30]): 


10Kn?2 
{2 + 20; = ba akin +f) =0, (5) 
Kn? Knit Kn2 
(= + Ke! = sane) 64(x,t) = (2 + a 0, (x,t), (6) 


where indices b and d stand for “ballistic” and “diffusive”, respectively. The dimensionless 
quasi-temperature 6 can be described as the non-dimensional energy, associated with the internal 
energy; the quantities 6; and 6, must therefore be understood to quasi-temperatures, defined as 
a measure of corresponding internal energy components ug and uy, respectively to which they are 
related by the simple relations 04 = ug/c 0, = u,/c (see [30] for details), where c is the heat capacity. 

It should be understood though, that the ballistic heat transport is effectively described by both 
contributions in @ = 04 + 04, 04(x,t) and (x,t) are distinguished for convenience. It is easy to see that 
the above Equations (5) and (6) are of GK-type (5) and of telegrapher’s type (6); the inhomogeneous 
right hand side (r.h.s.) of Equation (6) is given by the solution of (5). In the above equations and in all 
following equations the space- and time-coordinates are obviously dimensionless as well as the proper 
coefficients in the equations are. The dimensionless form of equations for the temperature is useful at 
least because of the space-time temperature distribution is expressed in our work explicitly in terms of x 
and t. Proper renormalization in SI units or else how is elementary (see, for example, [30] for details) 
and good, especially in view of heavy notations in the analytical solutions, which we will obtain in 
what follows. 

Low-dimensional system is characterized by the dimensionless Knudsen number Kn = I/L, 
which for the phonon heat transport describes the ratio of the free mean path of the phonons / to 
the characteristic scale of the system L. Knudsen number usually arises in problems, where the scale 
of the system and the characteristic scale of the processes in it compare with each other, such as for 
gas flow in ultra-narrow channels [71], etc. In distinct ballistic case in (5), Kn = 1, we have a = 3.333, 
6=3,€=2,xK =—1 in (3) and kp = 5/3, Dy = 3/2, T= 1/2, p = —1/2 in (4). We assume dimensionless 
equations here and in what follows. In the weak ballistic case, Kn = 0.1, we get a = 0.03333, 6 = 0.03, ¢ = 2, 
«x = —1 in (3) and kg = 0.01666, k, = 0.015, tT = 1/2, p = —1/2 in (A). In the distinct ballistic case, Kn = 1, 
all heat transport terms in GK-type equation contribute more or less equally, in the weak ballistic case, 
Kn = 0.1, the Cattaneo wave-term prevails. The inhomogeneous system of PDE (5) and (6) for ballistic 
heat transport thin film was studied numerically in [30]; based on the periodic analytical solutions to 
GK-type equation [72] some solutions to (5) and (6) were obtained in [73,74]. 

Above Equations (5) and (6), as well as Equations (2)-(4), describe non-Fourier heat transport in 
stationary media. In the case when the observer moves relatively to the media with constant speed 


v, the substantial derivative D/Dt = 0/dot + ay should be used instead of the time-derivative 0/dt 
to describe the variation of quantity F along a path. Generally speaking, both the material equations 
and the energy, mass and momentum conservation equations in case of moving observer should be 
considered with account for the substantial derivative, resulting in a proper heat conduction equation 
for the temperature alone. This is relatively simple in the case of Fourier heat diffusion and even for 
relativistic heat equation [75,76], some more complicated for GK-type equation. While not intending 
to rigorously derive a set of equations for the heat transport in case of moving observer, accounting 


for the relativistic heat flux, the energy balance, etc., we will solve the extended form of the known 
GK-type equation with the simple substantial derivative. Derivation of a physically comprehensive 
one-dimensional analogue of GK-equation in case of moving observer remains beyond the scope 
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of the present study. The following modified form of GK-type equation arises upon the use of the 
substantial time derivative: 


(a + £8; + 200?., — 49},,y) T(x) = ((# v7) a ev0, + 6003 + x) T(x,t). (7) 


This simply presumes that the temperature as a function of time is recorded by a floating 
instrument in a flow, such as a weather balloon in meteorology and oceanography, which implies 
the substantial derivative along the pathline traveled. With this said, we notice that the above 
Equation (7) differs from GK-type Equation (4) by some additional terms: the second mixed time-space 
derivative in the left hand side (1.h.s.) and the third- and first-order space-derivatives in the r.h.s. We 
need to emphasize that this equation is related to a rigid domain meanwhile the observer is moving 
with speed 0. Moreover, the coefficient for the second-order space-derivative in the r.h.s. now contains 
the speed v, which can compensate a, eliminating the second-order space-derivative, ifv = /a, 
or invert the sign of this term, ifv > /w. Telegrapher’s equation accordingly modifies as follows: 


(3 + 6d; + 200%.) T (x,t) = ((# = 0) a3 — evdy + K) T (x,t). (8) 


Differently from GK-type equation with substantial derivative (7), TE (8) has only second-order 
differential operators; both GK-type and TE can be solved by the operational method, employing 
exponential differential operators eP and involving the heat operator § = e% [59]. The operational 
solution to the third-order PDE (7) apparently involves exponential differential operator of the third 
order e9:, However, in what follows we will demonstrate as this solution effectively reduces to the shift 
of the solution in a stationary media. Considering thin films, we have obvious relations between 
the coefficients in (7) and (5): a, © 10Kn?./3, EO 2,00 3Knz, Kp ++ —1, while for Equation (6) 
we see that aq Kn} / 3Kn3 ,&4 0 Kn / Kni. For heat transport in moving thin film, the system of 
DE (5) and (6) for the complete quasi-temperature 0 = 04 + 0) takes the following form: 


1 
(2 + 20; + 2007, ( Kn} *) ay SKnfOf x + 2005 — Boks +1) 6,(x,t)=0, (9) 


Kno Kni Kn? Kn 
(# kot + 200? , ( ae *)aR ofthe | Ol) = (8+ 084 + uF) O6(x) (10) 


In what follows we will approach the GK-type equation with substantial derivative (7) 
operationally, and will also provide exact analytical harmonic solution to the system of PDE (9) 
and (10), describing ballistic heat transfer with substantial derivative. 


3. Operational Approach to Transport Equations 


The above Equations (7) and (8) are the particular cases of the following DE with 
the coordinate-dependent operators é(x) and D(x): 


(3? + @(x)dr) F(x, t) = D(x)F(x,t), (11) 


which can be solved using the operational method. Equation (11) models a broad spectrum of physical 
phenomena. It becomes telegrapher’s equation for D(x) = «02 + « and constant ¢ term and further 
reduces to Cattaneo heat equation for D(x) = 2; GK-type equation appears when é = ¢ — 602. Some of 
these equations were studied in [45-50]. Other second-order PDE and fractional DE were explored 
with the help of the operational approach in [51-58]. The formal converging particular operational 
solution to (11) reads as follows: 


te(x) t 


F(x, t) =e 2¢e2 #(x)+4D(x) C(x), (12) 
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where C(x) can be obtained from the initial condition F(x,0) = f(x). The particular form of the initial 
function will be chosen below. The other branch of the solution contains the positive argument in 
the exponential, er V E(x) +4D(x) No Laplace transforms exist for it. However, symmetry with respect 
to inversion, t + —t, e+ —e, 6 + —d, v + —v, allows writing the other solution to Equation (7), 


based on the one we obtain with the help of the Laplace transforms 


= rag 
4 t >0: (13) 
=a sel EE EVE 
The solution has the following integral form, provided it converges: 
_te t ¢ dé —£, -Ee2(x) 420 
F (x,t) =e 2) __ —¢ 16 e SF (x) pSV (x) Fy), (14) 
we ad ER f 


The ability to perform analytical integration in (14) depends on the explicit form of the operators 
é, D and of the initial function f(x); the numerical calculation can be done though. Accounting for 
the explicit form of the operators D = (a —v*)d2 — evd, + dvd +x and @ = € + 2vd, — 602 in 
Equation (7), we obtain from (14) the following integral: 


F(x, t) = e7 2(¢420%:) f Bete SEA) o(§5+26(c5—20)) 2% 9 2079 F(x), (15) 


raed 


which benefits from the use of the operational identity for p = \/aD, D = 0? (see [59,77]): 


oP = aad exp(—¢? + 2¢p) dé, (16) 
and yields 
A2 1° a 
A400) = Fe J emel—0? + Bela) faa, (17) 


Applying formula (17) to the fourth-order exponential differential operator 
e FPO F(x) = [PR eS? +2iC0VE% F(x)dZ/ 4/7, we get the heat operator [59] § = e”*; collecting 
the second-order derivative terms in the exponential, we get [~, eG + ((18/2)—Aea+2606 4216/2) 0 )ae xf (x)dC. 
This yields the following particular bounded solution to GK-type heat equation with substantial 
derivative (7): 


t foe) foe] 
e2°t . dé ~ 2 e(244K) pa 
F(x,#) ©| —.e mS e$ Sf(x)d, (18) 
4n 3 OVE a : 
which involves the shift operator © = e¥%, where y = -—uvt, and the heat operator S$ = ell%, 
where y = 2i€,/G6 — G2(2« +5) + 5/2. The shift operator produces the translation along 


x eV(x+4) F(x) = e¥" f(x +y) and the heat operator produces Gauss transforms (17) and operational 
relations [59], so that the solution with account for the motion contains the translation x — vt of 
the stationary solution. 

Let us consider the initial polynomial function f(x) = ), xk. The particular solution (18) to 
GK-type equation with substantial derivative (7) arises upon the application of the operational rule 


Ser xk = el xkerx — et7Y Hh (x +2yv,v), k € Integers, y € Reals, (19) 
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which is easy to prove [57,58]. For 7 = 0 we immediately obtain the following integral: 


2 é(e K — 
F(x,1)|p(x)—ryat = Lip a i. ee | eS Hy (x — vt, md, (20) 
where 
4 = 2Ge5 — AGa + 5/2 + if2./E6. (21) 


The above integral can be taken in elementary functions if we account for the explicit form of 
the Hermite polynomials: 


[k/2] _ k-2r_ + F ra 
Hx — vty) = EY “a Sore = (-i fyi, ( SO). (22) 


For example, for f(x) = x? the solution reads as follows: 


_tiyy Scie. t ee: 2 
F(x, £)| ex) =x2 — ena (VV +e) (@ vt)” + to 4 oat 21))), Va=e+A4x’. (23) 
More general case of the exponential-polynomial function f(x) = x*e1 is cumbersome and we 
omit proper expressions for conciseness. However, we have performed the integration explicitly in 


Wolfram Mathematica program and below we give the example of the solution for F(x,0) = x2e—*: 


F(x, t)| (2) _ ex =e —x—5(V7—20—5+2) (2 are (a + bx) 4 £, c), 
aa 26e + &* + 4x, 
a= 75 (4a +(e 6°) + 62(—6a — 62 — 3e(e — 6) 4 
e?(—2n + de) — 4x (20 + \/rd — 35? + de), 
b = 2r(2a + 62 — rv -5(Vr +8), (24) 
c= P27? — 2rvd+2p+ HA 
d=2a+6(—/r+6-8), 
ae cls as le Jret+ 2? 
A=4/r(e—6)? + (e- 6)? + 2x (4/7 +2(e—6)). 


Evidently, all the values in the above expressions are dimensionless as well as the coordinate x 
and the time t. 


In the harmonic ansatz the evolution of the initial function f(x) = exp(inx) can be easily obtained 
from (18) as follows: 


F(x, t)| F(x) —eimx = exp (ins vt) (2 + 4/2 + 4(x2 wr?) ), E=e4+n°0. (25) 


Other solutions and their detailed study will be performed in forthcoming publications. 
All the above solutions to equations with substantial derivative contain the shift, x — vt, respectively to 
the solution in a stationary media, which depends on x. Further examples can be easily considered with 
the help of the operational approach. In the following chapter we will explore in details the particular 
case of the harmonic solution. Evidently, it can be easily generalized for any periodic solution, 
expandable in Fourier series. Similarly, the Fourier integral transforms technique apply. 


4. Exact Periodic Solutions to GK-Type Equation with Substantial Derivative 


An exact harmonic solution « e!”* for the inhomogeneous system of PDE (9) and (10) can 
be obtained straight from the operational solution (18) (see (25)), or by separating the variables: 
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T(x,t) = X(x)y(t). GK-type equation with substantial derivative (7) in the harmonic ansatz, 
T(x,t) = e!"*y(t) = F(x,t) reduces to the following ordinary differential equation for y(t): 


y" (t) + ecg py’ (t) + Acgey(t) = 0, (26) 


where ée¢¢ = E+ 2vin, € = €+ n*6, and Aegp = (a - v?)n* + ivné — x. The function F(x, t) = T(x, t) is 
introduced here for clarity of notations. The exact solution to GK equation with substantial derivative 
(7) then easily follows from the solution to (26): 


F(x,t) = el"*y(t), y(t) =e 2eff (Cre rs Cye2¥7), 
(27) 
U = ey — Adepp =O +4(x an’), 


where the constants C1, C2 are determined either from the initial or boundary conditions. According to 
the theory of separation of variables, the whole solution has to satisfy initial or boundary conditions. 
Evidently, telegrapher’s equation with substantial derivative in the harmonic ansatz similarly reads 


y(t) + 8y'(t) + Ay(t) = 0, (28) 


and differs from (26) by the _ substitutions Eepp 2 E=e+ 2vin, Ee, 
Neff > A= (a — v7) n? + iune — x. It’s solution y(t) is evidently (27), where 6 = 0. 

Consider, for example, the Cauchy initial conditions 

F(x,0) = Ae'"*, :F(x,0) = Bei”. (29) 

In the stationary case, v = 0, the Cauchy conditions (37), where initially ae = 0, 
have the meaning of zero heat flux g if B = 0 for both ballistic and diffusive components of 
quasi-temperature [30]. If v 4 0, then the dimensionless equation 6’; + v6’, + q = 0 describes the 
one-dimensional energy balance. The initially zero heat flux q then corresponds to B = —invA. 

Then, GK-type Equation (7) with substantial derivative in the harmonic ansatz has the solution 
(27), satisfying ODE (26), where the coefficients Cj, C2 are determined from the Cauchy conditions (29): 
C, + Co = A and —Cy (cerp vu) Co (cert — vu) = 2B, and read as follows: 


C _A B+ Aéor¢/2 C _A B+ Aéer¢/2 

1 5) Vu , 2 2 i Vu . 

TE with substantial derivative (8) has the harmonic solution, whose time-dependent part y(t) 
satisfies ODE (28): 


(30) 


t 


F(x,t) = e'"*y(t), y(t) = e 2 (Bye 2v4 + Bye2v"), “=F a + 4(x — an), (31) 


where the coefficients B,, By are obtained from the Cauchy initial conditions (29): 


A B+ Aeé/2 A B+Aeé/2 
By = , By = —— 32 
a”: Ju ae) Ju e?) 


Now, let us consider the Dirichlet boundary conditions in the moments of time t = 0 and t = T: 


F(x,0) = Ae!”*, F(x,T) = Ge”. (33) 
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The harmonic solutions (27) and (31) satisfy respectively GK Equation (7) and telegrapher’s 
Equation (8) with substantial derivative with the coefficients, determined by Equation (33): 


Ae 2leest-VU) _ G 
e-aVU _ pxVu 


C= orth ,CQ2=A-G, (34) 


and = 
rz; Ae 7 @-Vvu) _G 
e2® 


By = B 
en rvu _ prvu ’ 


veR =P, (35) 


Similarly, we can consider evolution of any function, expandable in Fourier series. 

Note, that for some values of the coefficients « and 6 the quantities U and u can assume negative 
values. Albeit it is not very obvious in the form of the harmonic solution (27) to GK-type equation with 
substantial derivative (26) and the solution (31) to TE with substantial derivative (28), these solutions 
remains real at any moment of time for a real initial function, because of the complex exponential is 
compensated by proper complex parts in the coefficients C;,2 and By). 


5. Exact Periodic Solutions to Ballistic Heat Transport in Thin Films 


Ballistic heat transport in thin films is described by the system of PDE (9) and (10). In order to 
obtain the exact solution to this problem we reduced GK-type Equation (9) in the harmonic ansatz to 
(26) and solved it (see (27)); the result naturally involves the particular solution (25). This solution now 
constitutes the r.h.s. of Equation (10) for 63. Consider the Cauchy initial problem for 6,: 


6,(x,0) = Ae!”*, 0,6,(x,0) = Be”, (36) 
and the Cauchy conditions for 64: 
64(x,0) = Vei"*, 3:04(x,0) = We'”*, V,W = const. (37) 
The quasi-temperature component 6)(x,t) is in fact given by Equation (27): 
6, (x,t) = en (Creo? + Coe Fa), Ei, = (cerp + vu), E:= (cerp — vu), (38) 


where €e¢¢ = € + 2ivn, U = & + 4(x — apn”), € = €, +176, ay = 10K? /3, ep = 2,5 = 3Kniz, xp = -1, 
v is the speed of the media; for the Cauchy initial conditions (36) (see (29) with F = @,) the coefficients 
Cj, are given by Equation (30). The solution (38) for 6,(x,t) contributes to the r.h.s. of the telegrapher’s 
Equation (6) for the component @,(x,t). The exponential differential operators eD(*) do not bring 
new harmonics to the initial content, 64(x,t) = ©,4(t)e’"*, and Equation (6) reduces to the following 
inhomogeneous ODE for ©, (¢): 


(i +85 +4y) @,(t) = +Pe~2®1 + Qe~ 2%, a 
where 7 Kn2 Knit 
By = €q + ion, Aq = (ag — 0) n? + ioneg, eg = Kae i 3K?’ 
(40) 
P= ( _ ca sien), Q= a(« ae i), 
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where Cj, are given by Equation (30). The above Equation (39) for ©,(t) possesses analytical solution, 
which, in turn, yields the evolving in time harmonic solution for the diffusive quasi-temperature 
component 64(x,t) in the following form: 


ens" (4(ge3" + Sete) + Dye 2@etR) 4 Dee), (41) 


R= [Ag = [3 — 40g, 
ee 2 

=F 4 OP 6, = (2 e4 4 Vu) + Aun — e, (42) 
= 2 

[ieee see | Cee ry ee (2 &4 Vu) + da gn? — €2, 


where the constants D, 9 are determined from the Cauchy initial conditions (37) for 64(x, t): 


r= F(1 ) (w+ &4 VU +R) 2G &4 Vlui+R)), (43) 


ra=F(1+Z)+a(w+ Fe egt+ VU R) 2G eV R)). (44) 
The exact analytical harmonic solutions for the 6; (x,t) is given by (38) and (30), and for 04(x, t), 

it is given by (41)-(44); their sum represents the complete solution for the ballistic heat transfer in 

thin films [30] with the Cauchy initial conditions (36), (37), valid for arbitrary values of the Knudsen 

numbers Knq, Kny. Note, that a real initial distribution of quasi-temperature 0(x,0) evolves in real 

domain even for imaginary exponentials in the solutions due to complex coefficients C,C2 and Dj, Do. 
Now let us consider the Dirichlet conditions at the boundaries 


6,(x,0) = Ae™*, 0,(x,T) = Ge™, 64(x,0) = Vei™, 04(x,T) = We'"*, (45) 


where A,G,V,W = const (see also Equation (33)). The evolution of 0; (x,t) is given by Equation (38), 
where Cj 9 are set by Equation (34). The evolution of the counterpart 64(x,f) is governed by Equations 
(39) and (40). The rh.s. of Equation (39) is set by Equation (38) for the ballistic component 6;(x,t), 
where Cj are given by (34). The explicit solution 6;(x,t) to inhomogeneous DE (39) is possible, 
although it is much more cumbersome than in the Cauchy case: 


0, (x,t) = a i) eo Eat 4 by a-Eut 4, 1-38 R) _ gto Her"), (46) 


where 


Wy ES E,€4 - Aa w2 Et Ey,é4 - Ad 


1 (eT wibid, + e 2! bydow + dy, ) ‘i 
1 = ~ = ne - 
q2 = ekT_1 (e EaT (Aa = w2) (bode = w d4) +e FT (wi (Auds = bids) + Aabodr) ), 
Eopp +VU —_Ju ” 
bh =i (F ff 5) vu + wn), bo = Co ( feff 5 v in dy = VeRT — Wez Eat) 


oo eat) _ el (E+) dz = VeET — We (2E1+8atR) 5 dy = Ver2T — Wel2E2+8atR) 5 


oy 


(47) 


ds = eT — eatR) 5 de = eT — e(fatR) 5 do — —eET 4 (Gut R+2(Ei Ep) 5 


7 


The solution for @4(x,t) in the form (46), (47) explicitly involves the Dirichlet conditions and 
together with the solution for 6,(x,t), given in the Dirichlet case by (38) and (34), they describe 
the evolution of the complete harmonic quasi-temperature 0 = 04 + @,. 
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Let us now consider some examples of the harmonic solutions to GK-type heat equation 
with substantial derivative. Consider, for example, the Cauchy problem with initial conditions 
Oy (x,0) = O4(x,0) = e*, d:0,(x,0) = 0:64(x,0) = 0. Let's first consider Kn» = Kng = 1. 
Proper solutions for 0,(x,t ), @4(x,t ) and 0(x,t ) in the stationary media are presented in Figure 1. 

It can be seen in the top left plot in Figure 1 as the ballistic component 6, (x,t) rapidly relaxes to 
the stationary state. The diffusive component 6, (x,f) behaves similarly, but the relaxation process takes 
much more time. The behavior of ballistic and diffusive components in the domain is more distinct for 
Kn < 1. The complete quasi-temperature 0(x,t) (see bottom plot in Figure 1) follows the behavior of 
both the ballistic 6, (x,t) and diffusive 04(x,t) constituents. However, the latter, being the solution of 
Equation (39), is strongly influenced by the solution (38) for the ballistic component 6; (x,t), which sets 
the inhomogeneous part in Equation (39). Thus, the evolution of the quasi-temperature (x,t) in thin 
films has two speeds: the ballistic constituent 6, (x,t) develops rapidly and sets the rh.s. in Equation 
(39) for the diffusive constituent 64(x,t). The evolution of 64(x,t) is much slower: after the first 
instances it proceeds under the influence of already relaxed true ballistic constituent 6; (x, t). 
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Figure 1. Evolution of quasi-temperature components in a thin stationary film with Knp = Kng = 1 for v = 0: 
6,,(x, t)—top left plot, 64 (x, t)—top right plot and @(x,t) = 6,(x,t) + 0q(x,t)—bottom plot. The Cauchy 
conditions for PDEs (9) and (10) system are 6,(x,0) = 04(x,0) = e!”*, a:6,(x,0) = 0/64(x,0) = 0. 


In the case when the rate of change of temperature for a given position in a field depends both on 
the instantaneous rate of change of temperature at that location (0/dt) as well as on the rate at which 
the temperature is convected to that location by the fluid motion, the behaviors of the solutions change 
significantly. The solutions for Kng = Kny = 1 and v = 10, are presented in Figure 2, for v = —10 in Figure 3. 
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Figure 2. Evolution of quasi-temperature components in a thin film with Knp = Kng = 1 for v = +10: 
6, (x, t)—top left plot, 04(x,t)—top right plot and 0(x,t) = 6,(x,t) + q(x, t)—bottom plot. The Cauchy 
conditions for PDEs (9) and (10) system are 6) (x,0) = 64(x,0) = e!”*, 0:0,(x,0) = 0/04(x,0) = 0. 


The ballistic constituent 6, rapidly vanishes with time; the direction of the colorful waves in 
the plot depends on the sign of the speed v (see top left plots in Figures 2 and 3). Diffusive counterpart 
of the complete quasi-temperature 0, has waves of increasing amplitude as seen in top right plots 
in Figures 2 and 3. The complete quasi-temperature 6 = 64 + 6, has obvious non-Fourier behavior, 
which largely follows that of 64. 

For smaller values of Knudsen number, Kn = 0.1, the behavior of the harmonic solutions to 
ballistic heat propagation in thin films, obeying the Eqs. system (9) and (10) with Cauchy conditions 
(36) (37), has less distinctive wave interference with slower fade of the solution for 6, and weaker 
amplitude increase speed for 64; proper solutions for v = +10 are presented in Figure 4. 

It is important to note, that the whole system is symmetric under the speed inversion, which becomes 
obvious with account for formulae (38)-(44). 


122 


Axioms 2018, 7, 48 


20 


-10 


-20 


Figure 3. Evolution of quasi-temperature components in a thin film with Kn, = Kng = 1 for v = —10: 
6, (x, t)—top left plot, 04(x,t)—top right plot and 6(x,t) = 6,(x,t) + q(x, t)—bottom plot. The Cauchy 
conditions for PDEs (9) and (10) system are 6,(x,0) = @4(x,0) = e!”*, 0:0,(x,0) = 0/04(x,0) = 0. 


Note, that for Kn, = Kng = 0.1 6,(x,t) and 64(x,t) constituents behave differently (see Figure 4). 
The diffusive constituent slowly grows as the ballistic constituent shows gradual amplitude decrease, 
as shown in Figure 5. Moreover, for v = 10 the complete quasi-temperature 0(x,t) = 0,(x,t) + 04(x,t) 
monotonously increases, following the behavior of the diffusive constituent as shown in Figure 5. 
The maximum principle, established though for parabolic equations, is violated for the diffusive 
component and complete quasi-temperature with Cauchy conditions for non-Fourier ballistic heat 
transport in thin films. In all of the cases, the evolution of 6,(x,f) occurs faster than that of 04(x,t); 
the two-speed heat propagation process can be seen in every set of plots in Figures 1-5. 
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Figure 4. Evolution of quasi-temperature components in a thin film with Kn, = Kng = 0.1 for v = +10: 
6, (x, t)—top left plot, 04(x,t)—top right plot and 0(x,t) = 6;(x,t) + q(x, t)—bottom plot. The Cauchy 
conditions for PDEs (9) and (10) system are 6,(x,0) = 64(x,0) = e!”"*, 0:0,(x,0) = 0404(x,0) = 0. 
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Figure 5. Evolution of quasi-temperature components in a stationary thin film with Kn, = Kng = 0.1 for 
v = 0: 0,(x,t)—left plot, 04(x,t)—right plot. The Cauchy conditions for PDEs (9) and (10) system are 
Oy (x,0) = 04(x,0) = e*, 0:6,(x,0) = 0,64(x,0) = 0. 


The exploration of the solutions for Dirichlet conditions will be done elsewhere. 

It should be noted that the one-dimensional energy balance equation yields zero value for 
the initial heat flux, if B = —invA. Above we have obtained the solutions, which allow nonzero initial 
conditions on the first time derivative; we have investigated some examples while writing this paper. 
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For example, for the case of Kny = Kng = 1,0 = 10 the maximum principle is violated for both zero 
and nonzero initial conditions imposed on the first time-derivative of the ballistic component; however, 
there was no significant qualitative difference in the behaviors of the diffusive component in this case. 

Explicit study for the solution in thin films with zero initial heat flux and non-zero velocity v will 
be done in forthcoming publications. 


6. Conclusions 


In the present work we have studied and analytically solved one-dimensional heat 
transport equations of Cattaneo- and Guyer—Krumhansl-type with substantial derivative. 
Exponential differential operators and the operational method were used to obtain integral forms 
of exact particular solutions to heat transport equations. The media speed is accounted for by 
the exponential differential operator ex which produces a shift x — vt. Together with the heat 
operator S they transform the initial temperature profile and determine its evolution. Their action 
on the initial polynomial )),, x” yields sums of the Hermite polynomials H,,(x,y); the action on 
the monomial-exponential function yields more complicated sums of Hermite polynomials. Proper 
exact operational solutions were obtained in the sums of converging integrals of elementary functions. 
Several examples were considered, the solutions for F(x,0) = x”, F(x,0) = x*e~* and F(x,0) = e!”* 
were given. The solutions exactly satisfy the heat transport equations, which has been proven by 
direct substitution. 

The equations with substantial derivative of Guyer-Krumhansl-type and of telegrapher’s-type are 
demonstrated to have similar structure in the harmonic ansatz. Their exact harmonic solutions have 
been obtained by both operational method and the separation of variables. The latter reduces these 
PDEs to ODEs. We have shown that the harmonic solutions may have local and global extremums in 
the domain due to the interference of the Cattaneo heat waves; proper second-order time-derivative 
term also insures finite speed of the temperature perturbation propagation. We have shown that in 
a GK-type equation with dominant ballistic term 6, the Cattaneo heat waves are damped. 

We have obtained the exact analytical solution to the ballistic heat transport in thin films by solving 
the system of inhomogeneous PDEs [30] in the harmonic ansatz; both Cauchy and Dirichlet conditions 
were explored. We found that true ballistic constituent of quasi-temperature, 6,, evolves much faster 
than the diffusive counterpart of quasi-temperature, 0,. We have studied the evolution of the complete 
quasi-temperature 0(x,t) = 0,(x,t) + 04(x,t) under the ballistic conditions; the latter apply when 
the phonon mean free path / is comparable with the system scale L. The quasi-temperature @ first 
senses fast evolving true ballistic part @,. The contribution of 6, sets the r.h.s. in the inhomogeneous 
DE for the component 6,. After relatively fast relaxation of 6,, further evolution of the complete 
quasi-temperature 6 follows the diffusive constituent 6,. Thus the initial fast-developing true ballistic 
component 6, determines the evolution of the complete quasi-temperature of the system @ by imposing 
distribution for the diffusive quasi-temperature 0, at the beginning of the process. 

The obtained harmonic solutions for the Cauchy problem (9), (10), (36), (37) were applied for 
the study of the temperature patterns in thin films for the Knudsen number values Kn = 0.1 and 
Kn = 1. In the stationary case v = 0, the true ballistic component 6, monotonously relaxes (see Figures 1 
and 5); its diffusive counterpart 0; behavior shows noticeable dependence on the value of the Knudsen 
numbers: for Kn = 1 it slowly relaxes (see Figure 5) and for Kn = 0.1 it droningly grows (see Figure 1). 
The effect of the speed of the observer on the perceived heat transport in thin films is distinguished 
for the pure ballistic and diffusive quasi-temperature constituents. In the presence of the motion, 
the extremum of the ballistic component 6, occurs inside the domain after the initial moment t = 0 
(see Figures 2-4). The diffusive quasi-temperature component monotonously grows in the domain 
both in the weak ballistic (see Figure 4) and strong ballistic cases (see Figures 2 and 3). This behavior 
contrasts common Fourier heat diffusion, for which the maximum principle holds. It is also noticeable 
that the system shows symmetric behavior while the value of the speed is reversed, which does 
not contradict the Second law. The Knudsen number variation from 0.1 to 1 in the presence of the 
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speed v = 10, are practically not sensed by the system. Thus the speed of the observer v influences 
the registered temperature rather than the ballistic heat transport contribution. 
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1. Introduction 


Let R and C denote the sets of real and complex numbers and z be a complex variable. For real or 
complex parameters a and b, the generalized binomial coefficient: 


an T(a+1) = a 
( b = Te+NIe—b+1) ~ ( (a,b € C), 


T(z) =| ee “dx, 
0 


denotes the well-known gamma function for Re(z) > 0, can be reduced to the particular case: 


in which: 


where (a), denotes the Pochhammer symbol [1] given by: 


(a), = Pea +) 1 (b = 0, a € C\{0}), a) 


Tia) |) a(a+1)..(a+n—-1) (bEN,a€C). 


Based on Pochhammer’s symbol (1), the generalized hypergeometric functions [2]: 


ne 0 (a1)p.--(Ay), zk 
va tee gs) Eth a 
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are indeed a Taylor series expansion for a function, say f, as ) (pp C; zk with =f (k) (0) /k!, for which 
the ratio of successive terms can be written as: 


ae (k + a1) (k + az)...(k + ap) 


ce (K-40) (K+ Op)..(k + bg (+1) 


According to the ratio test [3,4], the series (2) is convergent for any p < q +1. In fact, it converges 
in |z| < 1 for p = q+1, converges everywhere for p < q+ 1 and converges nowhere (z # 0) for 
p >q+1. Moreover, for p = q +1, it absolutely converges for |z| = 1 if the condition: 


q qt+1 
A* = Re (5- Es =U, 
j=l j=l 


holds and is conditionally convergent for |z| = 1 and z 4 1 if —1 < A* < 0 and is finally divergent for 
|z] =landzA1if A* < -1. 

There are two important cases of the series (2) arising in many physics problems [5,6]. The first 
case (convergent in |z| < 1) is the Gauss hypergeometric function: 


y =2F ( as :) = y ne ] 


k=0 
with the integral representation: 


(Rec > Reb > 0; |arg(1—z)| < 7). (3) 


Replacing z = 1 in (3) directly leads to the well-known Gauss identity [1]: 
—a-—b 
Ei ( ~ ) _ T(c)P(c—a—b) 


~ T(c—a)I'(c—b) 
The second case, which converges everywhere, is the Kummer confluent hypergeometric function: 


b 
= 1F 
Yy 1 ( fe 
with the integral representation: 
b = T(c) b-1 c—b—1 zt 
a(? ‘)= aaa he (1-t) edt, 


Essentially, whenever a generalized hypergeometric series can be summed in terms of gamma 
functions, the result will be important as only a few such summation theorems are available in the 
literature; see, e.g., [7-13]. In this sense, the classical summation theorems such as Kummer and 
Gauss for 2F,, Dixon, Watson, Whipple and Pfaff-Saalschiitz for 3F2, Whipple for 4F3, Dougall for 
5F4 and Dougall for 7F, are well known [1,14]. In this paper, we apply two identities of generalized 
hypergeometric functions in order to obtain some new summation theorems and extend the 
above-mentioned classical theorems. For this purpose, we should first recall the classical theorems 
as follows. 


Re(c—a—b) >0. (4) 


(Rec > Reb > 0; |arg(1—z)| < 7). 
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* 


* 


Kummer’s theorem ([1], p. 108): 


E a, b _ T(1+a—b)r(1+ (a/2)) (5) 
caiaah ae eee T(1—b+ (a/2))T(1 +a) ° 
Second Gauss theorem ([1], p. 108): 
: a, b 1\ Va T((a+b+1)/2) © 
2 \ (te b+1)/2|2)  Ia-D/2r(b+)/2) - 
Bailey’s theorem ([1], p. 108): 
n{ @ l-a j1)\ _ T'(b/2)T((b +1)/2) (7) 
ats b 2) Fie+b)/20((b—e+1)/2)- 
Dixon’s theorem ([1], p. 108): 

E a, b, c — Pd +a/2)P+a-—b)l(1+a—c)l(1—b-c+a/2) (8) 
oe) teh, topes T(1+a)0(1—b+a/2)T(1—c+a/2)T(1+a—b—c)° 
Watson’s theorem ([1], p. 108): 

- a, b, c _— -YaT(1+e/2)0((at+b+1)/2)P (ce — (a+b-1)/2) 3) 
a | (neh 1/2 Be ~ T((@+1)/20 (6+ 1) 2) (e— @= 1)/DT(e— (b= 1) /2)° 
Whipple’s theorem ([1], p. 108): 
a, 1—a, c 
aA ( ¢, 2b-—c+1 7 
_ a2 -@T (cl (2b—e-F 1) (10) 
T((a+c)/2)0 (b+ (a—c+1)/2)T((l1—a+c)/2)P(b+1—- (a4+c)/2) ° 
Pfaff—Saalschtitz theorem ([1], p. 108): 
a, b, —n _ (¢=8) fe =), 
Co ) (c),(c -—a—b),, ot) 
Second Whipple theorem ([1], p. 108): 
E a, 1+a/2, b, c _q) lt 4=e leer (12) 
TO gf ¢-b 4 ae T(a+1)T(a—b—ec+4+1)° 


Dougall’s theorem ([1], p. 108): 


a, 1+a/2, c, d,e 
5F4 
a/2,a—c+1,a—d+1,a—e+1 
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= c+1)P(a—d+1)[(a—e+1)[(a—c—d—e+1) (13) 
~ T(a+1)P(a—d—e+1)l(a—c—e4+1)l(a—c—d+1)° 
* Second Dougall theorem ([1], p. 108): 
a, 1+a/2, b,c, d, 1+2a—b—c+n, —n 
7F¢ 1 
a/2,a—b+1, a—c+1, a—d+1, b+c+d—-—a-n,a+1+4+n 
(a+1),(a—b—c+1),(a—b—d+1),(a—c—d+1), 
= . (14) 
(a+1—b),(a+1-c),(a+1-d),(a+1—b-—c-d), 


In order to derive the first identity and only for simplicity, we will use the following symbol for 
representing finite sums of hypergeometric series: 


(m) My, . Ap 
VF ( by, bg 


For instance, we have: 


ele m (41)x---(4p), zk 
= i), a 


(-1) (0) (1) 
p F q(Z)=0, pFq(z)=1 and »F,(z)=1+ 


2. First Hypergeometric Identity 


Let m,n be two natural numbers so that n < m. By referring to Relation (1), since: 


(n), _ T(k+n)P(m) _ [(m) 1 (15) 
(m), T(k+m)r(n) T(n) k+n)(k+n+1)..(k+m—1)’ 


substituting (15) in a special case of (2) yields: 
Ay, «.,Ap—1, N 

iE Pp 
P ( by, we Dg—1, m 


_T(m) @ 
Fin) 


(41) j-m-1--(4p—1) jmp (j+2—m)({+3—m)...j—m+n) zim 
(01) j—-ma4a--( ) , 


(16) 
1 


Relation (16) shows that we encounter a complicated computational problem that cannot be 
easily evaluated. However, some particular cases such as n = 1 and n = 2 can be directly computed. 
We leave other cases as open problems. 


The case n = 1 leads to a known result in the literature [14], because: 
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ee) (ay )j-m4a-(4p-1) mp gi-m+1 


j=m-1 (01) j-m-+1--(0q—1) m4 y 


Aq, «. ,Ap—1, 1 
E P =T 
us ( by, wes /Dg-1, m | (m) 
co (41) jt (4p—1) jmp gi-m+1 m2 (41) j-m-+1-(4p—1) mt gi-m4+1 
= T(m) b 5 i b b , (17) 
j= ( jm a1) jet J: j=0 ( 1)i—mere( 9-1) jet 


and since: r( 1) 
a-m+ 
(4)j-m+1 = T(a) (a m+ 1 VV 


Relation (17) is simplified as: 


Aly ws rAp—-1y 1 
Hr by, wes /Dg-1, m :) 
_ T(b1)...T(bg—-1) T (a, —m+ 1)... T(ap_4 —m+ 1) (m _ 1)! 
~ Tiel Ga) Ti —m+1).TG1—m+1) 21 


a,—m+1, .., Qy-1—-m+1 
x | 5-1F,_ P 
(; ee ( b) —m-+1, ..., bg-1-m+1 


:)) a 


However, the interesting point is that using Relation (18), we can obtain various special cases that 


(m—2) a, —m+1, ., App —m+1 
era ie p 
poered by -—m+1, ..., bg-1—-—m+1 


extend all classical summation theorems as follows. 


Special Case 1. When p = 3,g = 2 and x = 1, Relation (18) is simplified as: 


pl ” b, 1 ee T(m)C(c)P(a—m+1)T(b-—m-+1) 
ae em T(a)F(b)l(c—m-+1) 


& m+1)I(c—a—b+m-—1) ta m+1, b—-m+1 
x 2Fy 


:)) 9 


T(c—a)I(c—b) c-m+1 


For m = 1, Relation (19) exactly gives Formula (4), while for m = 2,3, we have: 


an ( * 1) = 7 e= 1 (SE 1), 


a—1)(b—1) T(c —a)I(c —b) 


and: 


a, b, 1 2(c — 2) 
aA ( 6, 3 1) = es, 


T(c—2)P(c—a—b+2) ab+c—2a—2b+2 
«( T'(c—a)I(c—b) c—2 } 


These two formulas are given in [14]. 


Special Case 2. When p = 3,q = 2 and x = —1, by noting the Kummer theorem (5), Relation (18) is 


simplified as: 
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) = ( gees mT m+ 1)T(b m4 1) 
T(a)C(b)T(a—b+1) 


a, b, 1 
a. 

T(a—b+UT(1+(a—m+1)/2) (2) ( a—m+1, b-m+1 | _, (20) 

T(2Q+a—m)l(m—b+(a—m+1)/2) 7! a—b+1 . 


For m = 1, Relation (20) exactly gives the Kummer formula, while for m = 2,3, we have: 


_  &=b41 1 T(a—b+1)T(1+ (a—1)/2) 
~ (a—1)(b—-1) ( T(a)t(—b +2 + (a—1)/2) 3 


a, b, 1 
E ‘i , 
ss »( a—b+2,2 


_ 2(a—b+1), T(a—b+1)P(a/2) 3a+b—ab—3 
~ (a—2)5(b—2)> Gceinesesa a—b+1 iz 


a, b, 1 
an ( a=b+3,3 


Special Case 3. When p = 3,g = 2 and x = 1/2, by noting the second kind of Gauss Formula (6), 
Relation (18) is simplified as: 


5) = (ayes 


E a, b, 1 
2 (@tb+1)/2, m 


T(m)P((a+b+1)/2)T(a—m+1 
. T(@r(b)l(—-m +14 (a+b 4 


1 
1). a» 


For m = 1, Relation (21) exactly gives the second kind of Gauss formula, while for m = 2,3, 


JVal(—m+1+(a+b+4+1)/2) va a—m+1, b—m 
* \ T+ (a—m)/2)T+(b—m)/2) 2! 


we have: 


1\  a+b-1 eae 1) 
2 (a —1)(b—1) T'(a/2)T(b/2) : 


E a, b, 1 
oh. tat ht /2, o 


and: 


5) _ 2(a+b-1)(a+b-3) 


E a, b, 1 
ST \ (atb+1)/2, 3 | 2 (a—2),(b—2), 


J/mT((a+b—3)/2) ab—a—b+1 
(aE a+b—3 ) 


Special Case 4. When p = 3,q = 2 and x = 1/2, by noting the Bailey theorem (7), Relation (18) is 


simplified as: 
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b,m 


a, 2m—a-—1, 1 
aA ( 


1) = cn tron r= 
2) T(a)l (2m —a—1)T(b—m-+1) 


a—m+1, m—a 


( P((b— m +1)/2)0((b— m +2)/2) a 
x 
b—m-+1 


T(—-m4+14(@+b)/2)1(b=a+1/y 2 


1 
5)) 22) 


For m = 1, Relation (22) exactly gives the Bailey formula, while for m = 2,3, we have: 


a, 3-a, 1 
sn ( b, 2 


1 = 20-8 ( T'((b—1)/2)T(b/2) : 
2) ~ Ga), (Tes @4+0 2144-072) : 


T((b — 1)/2)0((b —2)/2) 5a — a* + 2b — 10 
* Geass encereaes 2(b —2) ) 


Special Case 5. When p = 4,q = 3 and x = 1, by noting the Dixon theorem (8), Relation (18) is 
simplified as: 
: 


— T(m)l(a-—b+m)l(a-—c+m)P(at+1—m)l(b+1—m)I(c+1—m) 
T'(a)T(b)T(c)l (a —b+1)T(a—c +1) 


F a, b, c, 1 
—e a—b+m,a-c+m,m 


T((a+3—m) /2)T(a—b+1)0 (a—c+1)0(—b—c4+ (a+3m—1) /2) 
T(a+2—m)0 (—b+(a+m+1) /2)0 (—c+(at+m+1) /2)0(a—b—c+m) 


x 


(m2) [ g—m+1,b—m+1, c-m+1 
— 3F) 
a—b+1,a-—c+1 


(23) 
) 


For m = 1, Relation (23) exactly gives the Dixon formula, while for m = 2,3, we have 


E a, b,.¢. 1 
ie a—b+2,a—c+2, 2 


4) = (a—b+1)(a—c+1) 
(a —1)(b—1)(c—1) 


T((a+1)/2)l(a—b4+1)T(a—c+1)I( 
. ( T(a)I(—b + (a+ 3)/2)P(—c + (a+3)/2 


| Ot 
ey 
— 
Sioa 
wee 
>] 
;|*= 
alt 
= | 
™~s 
NES 
WS 
Se 


and: 
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_ 2(a—b+1),(a—c+1)y 
(a —2)o(b — 2)y(c — 2)y 


E a, b, c, 1 
ide a—b+3,a—c+3,3 
(a — 2)(b — 2)(c — 2) 1) 


+2)T(a—b—c+3) (a—b+1)(a—c+1) 


((a/2) —b—c +4) 


. ( T(a/2)P(a—b+1)T(a—c+1)0 
T(a—1)I'((a/2) —b +2)0 ((a/2) 
Special Case 6. When p = 4,q = 3 and x = 1, by noting the Watson theorem (9), Relation (18) is 


simplified as: 


F a, 0; ¢ 1. 
A°9\ (a+b+1)/2, 2c+t1—m, m 


m)T(c+1—m) 


_ F(m)T((a +b +1)/2)T (Qe +1 — mT (a +1 —m)E(b +1 
7 (a)F(b)T(c)T C UME 3/DE (2c — 2m +2) 
Val (c—m+(3/2))0 (—m+(a+b+3) /2)0(c—(at+b—1) /2) 
T(1+(a—m) /2)0 (1+(b—m) /2)0(c+1—(a+m) /2)0 (c+1—(b+m)/2) 
x 24 
ee) a—m+1, b—m+1, c—m+1 ‘ i, 
ve m+14+(at+b+1)/2, 2c—2m+2 


For m = 1, Relation (24) exactly gives the Watson formula, while for m = 2,3, we have 


— atb-i 
~ @-1e-1) 


E a,b, c, 1 
PO) | (a b+1)/2, 2e=1, 2 


: (vere (1/2))P((a + b —1)/2)T(c — (a+b —1)/2) 
T'(a/2)1'(b/2)T(c — (a/2))F (c — (b/2)) : 
and: 
a,b, c, 1 1 _ (2c—3)(a+b—1)(a+b—3) 
S| app 1/2, =o 3 @=2).(b—2e=1) 
(a — 2)(b—2) 1). 


))T (a+b —3)/2)T (ce — (a+b —1)/2) 
a+b—3 


( Ja (c — (3/2))T 
T((a—1)/2)T((b — 1)/2)T (ec — (a+ 1)/2)T (ce — (b +1) /2) 


Special Case 7. When p = 4,g = 3 and x = 1, by noting the Whipple theorem (10), Relation (18) is 


simplified as: 
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a, 2m—1-—a, b, 1 
cE y v , 1 
15 ( c, 2b—c+1,m | 


— T(m)P(c)P(2b—c +1) (a+1—m)P(m—a)l(b+1-—m) 
~  T(a)l (2m —1—a)I(b)T(c +1 — m)l (2b -—c—m+2) 


7 22"—2b-1P(c_m4 
T(—m-+1-+ (a+c) /2)0(—m+1+b+(a—c 
x 


+1)P'(2b—c+2—m) 
1)/2)T ((1—a+c) /2)T (b+1—(a+c)/2) 


(m—2) a—m+1, m—a, b 
= 3 ( F 


m 


(25) 
: 
For m = 1, Relation (25) exactly gives the Whipple formula, while for m = 2,3, we have: 
a,3—a, b, 1 (c — 1)(c — 2b) 
E 1, |) = ee eee 
>( ¢, 2b—c+1, 2 (=o.0-0 


7m 2°-"T (¢ —1)T (2b —c) 
T(-1+ (a+c)/2)0(b+(a—c—1)/2)l((1—a+c)/2)T(b+1—- (a+c)/2) ’ 
and: 
) _ 2(¢-2)9(2b-¢- 1), 


E a,5—a, b, 1 
Wo @ Ob e441) 3 (a —4),(b— 2), 


n2°-T (c — 2)T (2b — cc —1) 
. T'(—2 + (a+c)/2)0 (b+ (a—c—3)/2)T((l1—a+c)/2)T(b+1—-(a+c)/2) 


(a — 2)(3 —a)(b—2) 1) 
(c — 2)(2b—c—1) , 
is simplified as: 


Special Case 8. When p = 4,q = 3 and x = 1, by noting the Pfaff—Saalschiitz theorem (11), Relation (18) 
(m os sire — C) mile =6= 07 1) m—1 


E a,b, -n+m-—1, 1 1 
3 
et = 8) ig -4(L = P) gg 8 2h) py 4 


c, 1+a+b—-c-—n,m 
; (ca), (c-), (m2) ( 
(c+1—m),(c—a c 


m+ 


b+m-—1) af 


1,b-—m-+1, 
m+1,2+a+b m 


1 2. 2 
tt [a)). eo 
For m = 1, Relation (26) exactly gives the Pfaff—Saalschtitz formula, while for m = 2,3, we have: 


15 ( a,b, —n+1, 1 1) = Soe 


c, 1t+a+b—c—n, 2 n(1—a)(1—b) 


n 


«( es a7 1), 1) 
and: 
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F a,b, —n+2, 1 
a c, l+a+b—c—n, 3 


7 2(1—c)(c-a—b+n), 
n(1—a)>(1—b),(n —1)5 


(c—a),(c—b),, n(a — 2)(b—2) 
‘ (oe ) (c 2)(a PoC 1 1) 1) 


Special Case 9. When p = 5,q = 4and x = —1, by noting the second theorem of Whipple (12), 
Relation (18) is simplified as: 
_ ) = (=1)""*x 


T(m)P((a+m—1)/2)0(a—b+m)l(a—c4 
T(a)l((a+m-+1)/2)T(b)T (c)P((a 


a, (at+m+1)/2, b,c, 1 
5Fy 
(a+m—1)/2,a—b+m,a—c+m, m 


. T(1+a—b)l(1+a—c) (m=2) [ a—m+1, (a—m+3)/2, b—m+1, c—m+1 
T(2—m+a)l(m+a—b—c) (a—m+1)/2, a—b+1, a—c+1 


je 


For m = 1, Relation (27) exactly gives the Whipple formula, while for m = 2,3, we have: 


; 


— 4A(a—b+1)(a—c+1) ( a) 
(a2 —1)(a—1)(b —1)(c—1) T(a)I(2+a—b—c) ' 


E a, (a+3)/2, b,c, 1 
ea (a+1)/2,a—b+2, a—c+2,2 


i\= 2(a—b+1),(a—c+1) 
~ (a+2)(a-1)(b = 2),(c - 2), 


E a, (a+4)/2, b,c, 1 
oe (a+2)/2,a—b+3, a—c+3, 3 


(Fats Ar tend __a(b —2)(c —2) 1) 
T(a—1)T(3+a—b—c) ' (a—b+1)(a—c+1) 


Special Case 10. When p = 6,g = 5 and x = 1, by noting the Dougall theorem (13), Relation (18) is 
simplified as: 
: 


=T(m)T((a+m—1)/2)T(a—c+m) 


B a, (a+m+1)/2, c, d, e, 1 
22 (a+m—1)/2,a—c+m,a-—d+m,a—e+m, m 


T(a—d+m)I(a—e+m)l(a—m+1)0((a—m+3)/2)[(c—m+1)l(d—m+1 
T(a)l((a+m+1)/2)P(c)P (da) (e)P((a— m+ 1)/2)l(a—c+1)l(a—d+1)l(a—e+1) 


* 


T(a—c+1)0 (a—d+1)P(a—e+1)0 (a—c—d—e+2m-1) 
T(a+2—m)0(a—d—e+m)l(a—c—e+m)l(a—c—d+m) 


a a—m+1, (a—m+3)/2,c—m+1,d—m+1, e~m+1 
ii (a—m+1)/2,a—c+1,a—d+1, a-e4 
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For m = 1, Relation (28) exactly gives the Dougall formula, while for m = 2,3, we have: 


E a, (a+3)/2, c, d,e, 1 
we (a+1)/2,a—c+2,a—d+2,a—e+2, 2 


(a—c+1)(a—d+1)(a—e+1) 
(c—1)(d—1)(e—1)(a+1) 


T(a—c+1)l(a—d+1)P(a—e4+1)T(a—c—d—e+3) 1 
( T(a)T(a—d—e+2)T(a—c—e+2)(a—c—d+2) ie 
and 
E a, (a+4)/2, c, d,e, 1 1 
ad (a+2)/2,a—c+3, a—d+3, a—e+3, 3 


T(a—c+1)I(a—d+1)[(a—e4+1)T(a—c—d—e+5) 
(Fe 1 (a—d—e+3)T(a—c—e+3)I(a—c—d+3) 
a(c—2)(d 


Special Case 11. When p = 8,q = 7 and x = 1, by noting the second theorem of Dougall (14), 
Relation (18) is simplified as: 


a, (a+m+1)/2, b,c, d, 2a—b—c—d+2m—1+n,m—n-1,1 


(a+m—1)/2,a—b+m,a—c+m, a—d+m, b+c+d-—a+1—m—n,a+n+1, m 


= (-1)""1(m = 1)! x 


((3-a—m)/2),4( a+b M) m1 arc M) mm (1—-a+d—m),,_,(m nta—b—c )in—1( a 1) m—1 
((l1-a—m)/2),,4( @) (1 b) m1 C)m 11 ) (6 te+d—2a+2—2m 1) m1 (0 +2 M) m1 


(a—m-+2),,(a—b—c+m),,(a—b—d+m),, (a—c—d+m),, 
(a—b+1),, (a—c+1),, (a—d+1),, (a—b—c—d+2m-1), 


x 
a a—m+1, (a—m+3)/2, b—m+1,c—m+1,d—m+1, 2a—b—c—d+m+n, 
— 7F6 
(a—m+1)/2,a—b4+1,a—c+1, a—d+1, b+c+d—a+2-—2m—n,a—m+n+2 


For m = 1, Relation (29) exactly gives the Dougall formula, while for m = 2,3, we have: 
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E a, (a+3)/2, b,c, d, 2a—b—c—d+3-+n, —n 
a (a+1)/2,a—b4+2,a—c+2,a—d4+2, b+c+d—a—1—n,a+n+1, 2 


2 


AG c—d+4 Lae 
(a—b—c SE 


(a),(a—b—c+2),(a b d 
. ¢ (@—b+1),(a—c+1),(@—d41) 


and: 


E a, (a+4)/2, b,c, d, 2a—b—c—d+5+n, —n+2, 1 
aid (a+2)/2,a—b4+3,a—c+3, a—d+3, b+c+d—a—2-n,a+n+1, 3 


(a—2)(—a+b—2),(—a+ce—2),(-—a+d—2),(3+n b 
(a+2)(1—a),(1—b),(1—c),(1—4),(b+c+d—2a—4—n),(n—1), 


)(2a—b—c—d+3+n) 1 
(b+c+d—a—n—4)(n+a—1) 


a 
Sly 


Remark 1. There are two further special cases, which however do not belong to classical summation theorems. 
When p = q = 1, Relation (18) is simplified as: 


and when p = q+1 = 2, it yields: 


2A ( mt :) _ (m—1)!T(a—m+1) (a ied = — 0) | 


gm] T(a) par ij! 
Similarly, for the case n = 2, Relation (16) changes to: 


:) _ T(m) — (41) m4 (4p) 5 ong (j+2—-—m) z 


gm-1 = 


j=m-1 (O1)j—m-pa(0q—1) jing if 


(4 
(01) j—-m-+2--(0q-1) m2 r j 1 (01) j—-m-41--(0q—1) jmp }! 


r=m—2 j=m— 


(m — 1)! T(b1)... 0 (bg-1) T(a, —m+ 2)... T(ap—1 —m+ 2) 
zm—2 [(ay)... F(ap_1) U(b1 — m +2)... 0 (bg_1 — m + 2) 
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a,—m+2, ..., Ayp-7y —-mM+2 
x p—-1Fq-1 : ie 
by =I 2; sai by-1 —m+2 


(m—3) a, —m+2, ..., apy —-mM+2 
_ p—1Fq-1 id 
by —m+2, ..., bg_y —m+2 


(2—m) (m —1)! (by)... P(bg—-1) T(a, — m +1)... P(ap_1 — m +1) 
zm-1 ['(ay)...F (apa) V(b, — m+1)...T (bg — m +1) 


a, —m+1, ..., Ayn_y —-m+1 
x p—-1Fq-1 P 
by —m+1, ..., bg-1—m+1 


(m—2) a, —m+1, .., Qy_y—-mtl1 
z\— p-1Ej-1 1 p-1 
by —m+1, .., bg-y—m+1 


zm-1 (ay)... P(ap—1) T(by — m +1)... T(bg_-1 — m +1) 


z M4, Apr, 2 ‘ (m—1)! P(b1)... 0 (bg—1) F(a, — m1 +1)... T(ap—1 — m +1) 
ct by, ae bg—-1, m 7 
(a, —m+1)... (dy_4—m+1) 


a —m+2, ..., Ap-1-—M+2 (m—3) a, —m+2, ..., Ayn —mM+2 
x | p-1Fy-1 ‘ Z| — p-1Fq-1 Zz (30) 
x bj —m+2, ..., bg-1 —m+2 by —m+2, ..., bg-1 —m+2 : 
a,—m+1, .., Aypn-1—-m+1 (m—2) a,—m+1, ..., dyn-1 —mt+1 
—(m—2) | papa : Pet Z) —p1Fy-1 : = z 
by —m+1, ..., by—-1 —m+1 by —m+1, ..., bg-1 —m+1 


For instance, if m = 3, Relation (30) reads as: 


2 F(by).-.F(bg—1) P(aa — 2)... F (ap—1 — 2) 


Aq, «. ,Ap—1, 2 
Ec P 
P ( bij pda 3 z2 (ay)... (ap_1) I(by — 2)... (bg-1 — 2) 


Hence, for p= q+1=3andz = 1, we have: 


a, b, 2 
cE fr sr 
a(t 


1\= 2 
(a — 2), (b— 2) 
T(c)I'(c -a—b+1) 


x (( 2). 4 [e=ore—h) (ab—a—b +3). 


3. Second Hypergeometric Identity 
By noting Relation (1), first it is not difficult to verify that: 


(a+m), = pie ; (31) 


Now, if the identity (31) is applied in a special case of (2), we obtain: 
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Er a, +m, ... dy-1 +, 1 
pe by +m, we ,bg +m 


| _ - (a, + M).--(Ap—1 + m), a: 


~ fa (by + M1) p--(Dg + m)), 


(nna 2 (esm(tpDpsn 
(21) n+(@p—1) a k=0 (Ba) (B41) gs on 


(01) mn---(Bq) mn + (a1) j--(@p-1); zi-m 


(41) ma-(4p—1) jam (b1);---(Oq-1); 


(A) gee), 


ae we ae 


leading to the second identity: 


a, +m, ... Ap +m, 1 
pFq 
bj +m, oe ,bg +m 


which is equivalent to: 


Aq, «. Ap—1, 1 
E P 
P ( Dig. de. fy 


:) = (by — mM) y.+(Dg — itt), —m 


(41 — M) _--(ap-1 — m),, 


(m—1) a, —™M, ... Ayp_1 —M, 1 
bo-m, .. ,bg —m 


:)) _ @3 


Once again, the interesting point is that by using Relation (32) or (33), various special cases can be 
considered as follows. 


Special Case 12. When p = 2,g = 1 and x = —1, by noting the Kummer formula and Relation (32), 
we get: 


= m (a= b) in Va r@=6) lee b, 1 
ea? (s T(-b+@/2) ( 
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For instance, if m = 1,2, Relation (34) is simplified as: 


(OSM i) = Ja T@-»b) ,2 


3-—b 2 T((3/2)—b) * b y 


and: 


wl t24 1) _ vm ___T4-)  _ Ab-1)(b-3) 
ie a 2b(b +1) T((3/2) — b) b(b+1) 


Special Case 13. When p = 2,q = 1 and x = 1/2, by noting the second kind of Gauss formula and 
Relation (32), we get: 

i 

2 


_ (1+ (@/2)) mn om ae Sr ( 4 
( 


E a+m, 1 
= (a/2) + m+1 


(@)m T'((a+1)/2) = 


For instance, if m = 1,2, Relation (35) is simplified as: 


at+1,1 |1)\ a+2 T'(1+ (a/2)) 
2A ( (a/2) +2 5) a (vrs 1), 


E a+2, 1 
aN fap 8 


Special Case 14. When p = 3,q = 2 and x = 1, by noting the Dixon formula and Relation (32), we get: 


2 ant aan a 


3) = meta 4) TA+(@/2)) 974 4 4 


E b+m, ct+m, 1 
2—b+m,2-—c+m 


Yn IT(2—b)T(2—c)l(-b-c4 6/2) wey b, c, 1 
wl > Tbe C/O -—b=0 °*? \ 2-6 dae 


:)) . (36) 
For instance, if m = 1,2, Relation (36) is simplified as: 
b+1, c+1, 1 
EF 1 
oe ( 3-—b, 3-c¢ | 


Wt IG =—HP36—e)l((3/2)—b=e) (b —2)(c—2) 
2be T((3/2) — b)T((3/2) —c)T(2—b—c) be : 


nM | 
— fm  T(4—)F(4—0)F((3/2)-b-c) —-2(be — bc —2)(b— 3) (c —3) 
2(b)o(c)g P((3/2) — b)T((3/2) — ¢)P(2 — b—c) (b)o(c)o 
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Special Case 15. When p = 3,q = 2 and x = 1, by noting the Watson formula and Relation (32), 
we get: 


b/2)+m+1, 2c+m 


E b+m, ct+m, 1 
3h2 
; CE) leh, 


) _ (1+ (0/2) (26) mn 


Vn (14 (c/2))P (1 + (b/2))F (c — (b/2)) irs b, c, 1 
. T((b + 1)/2)l (cyl (c — (b — 1)/2) ee (ap) tel, Be 


:)) _ 67 


1) a 2y VEG + (6/2) + (b/2))F(€ = (6/2)) 
= tea T((b+1)/2)T(c)T'(c — (b —1)/2) 


For instance, if m = 1,2, Relation (37) is simplified as: 


b+1, c+1, 1 
AG 


b/2)\ 49, Ie +1 1), 


and: 


gt O22 eed. ig 
oF (G2) 43,2642 


_ 2/7e(2e +1) T((e/2) + IT ((b/2) +3) (ce — (b/2)) (b+ 4)(2c +1) 
b(b+1)  T((b+1)/2)T(c +2) (c — (b —1)/2) b(c+1) 


Special Case 16. When p = 3,q = 2 and x = 1, by noting the Whipple formula and Relation (32), 
we get: 


E at+m,1—a+m, 1 
one c+tm,3-—c+m 


1) = {abe 


- (4) (1 = a) m 


7 ( mT (c)P(3 —c) 
2T((a+c)/2)0((a—c+3)/2)P((1 —a4+c)/2)0(2— (a+c)/2) 


(m1) f g1—a, 1 
— 3F> ( 3-2 1 . (38) 
For instance, if m = 1,2, Relation (38) is simplified as: 

a+1,2-a, 1 

sh ( c+1,4-c 7 
= ae T'(c+1)P(4-c) c(c — 3) 
2a(1 —a)T((a+c)/2)T((a—c+3)/2)0((1—a+c)/2)P(2—(a+c)/2) a(a—1)’ 
and: 

a+2,3-a, 1 

2A ( c+2,5-—c¢ 7 
7 T(c+2)T(5—c) 


~ 2(a—2)4 F(a +0)/2)T((a—c +3)/2)1((1 — a +c) /2)0 (2 — (a+c)/2) 
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(a—2)q 


Special Case 17. When p = 3,q = 2 and x = 1, by noting the Pfaff-Saalschutz formula and 
Relation (32), we get: 
) 


= (28 =t=8), (e=1)(e=-1=5+n) (ay) b, —n, 1 
(8) m(—1) m (c—1—b)(c—1+n) 


tm, 2+b-c-n+m 


b+m, —n+m, 1 
3F2 2 


For instance, if m = 1,2, Relation (39) is simplified as: 


E b+1, —n+1, 1 1 _ e(c—2—b+n) ((c—1)(c—1—b+n) 1 
O72) ¢4+ 1, 84b-c—n nb (c—1—b)(c—1+n) ’ 


E b+2, -n+2, 1 
one c+2,4+b-c-—n 


(c+ 1)(c-3—b+n)(nb+c(c-—2—b+n)) 
n(n —1)b(b+1) , 


Special Case 18. When p = 4,q = 3 and x = —1, by noting the Whipple formula and Relation (32), 
we get: 


~ 2m+1— (b)n(C)n 


m+ (3/2), b+m,c+m, 1 
“3 m+ (1/2), 2-b+m, 2-c+m 


) (=1)" 2= O22) 


T(2—b)P(2—c) (m1) a2). oN 
r@=—)—2) SN A Dn Pace 


: ) (40) 
For instance, if m = 1,2, Relation (40) is simplified as: 


a | 1) = sll )(c—2) - PG=HTB= 6), 


3/2, 3—b, 3-¢ T(2—b-—c) 
and: 
nf 7/2 b+2,c+2,1 |_,\_ @-b),2-o), 
TO) SA hag 5 (b)5(c)> 
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(“AS jae 


T(2—b-—c) 


(6 2)(e—2) 


Special Case 19. When p = 5,q = 4 and x = 1, by noting the Dougall formula and Relation (32), 


we get: 


E m+ (3/2), c+m, d+m,e+m, 1 
on m+(1/2),2-—c+m, 2—d+m,2—e+m 


) 


— 1 2 ©) m2 — 2) (20) 
2m +1 (C) nt (4) (©) m 


T(2—c)l(2—d)T(2—e)T(2—c—d—e) (m1) 3/2, 6, a, 2,1 
T(2—d—e)I(2—c—e)I(2—c—d) 


For instance, if m = 1,2, Relation (41) is simplified as: 


5/2, c+1, d+1, e+1, 1 
5F4 
3 cde 


7 _ (2—c)(2—d)(2—e) 
3/2, 3—¢; 3:—d, 3—e 


1/2, 2—c, 2—d, 2-e 


:)) ay 


r ( 7/2, 0+2, 442,042, 1 | —a,(2—8,(2—2), 
544 = 


5/2, 4—c,4-d, 4-e 5 (c)>(d)(e)> 
T(2—c)F'(2-—d)T(2-e)T(2—c—d-e) 3cde 1 
7 ( T(2—d-—e)I(2—c—e)I(2—c-—d) (2—c)(2—d)(2—e) ) ‘ 


Special Case 20. When p = 7,q = 6 and x = 1, by noting the Dougall formula and Relation (32), 


we get: 


m+ (3/2), b+m, 


F 
rr m+(1/2),2—b+m, 2 


— 1 = b) (2 = ©) m(2 = A m(b+¢ +4 = = MW y(t +2) 
7 2m +1 (B)al@)e(d)al3 = b— C+) (=M),, 


WB ( 3/2, b,c, d,3—b—c+n, —n, 1 
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For instance, if m = 1,2, Relation (42) is simplified as: 


3-—b-c 
3/2,3—b,3-c,3-d, b+c+d—n,n+3 


Geers, Lge, =n, 1 
7F6 


(2—b)(2—c)(2—d)(b+c+d—n—1)(n+2) 
3nbed(3 — b—c +n) 


x (1 (2),(2 b C),(2 b d),,(2 c x) : 
(2—b),(2—c),(2—d),(2—b—c-—d), 
and: 
7/2, b+2,c+2, d+2,5—b—c+n,2-n, 1 
7F6 1 
5/2,4—b,4-—c,4-—d, b+c+d—n+1,n+4 


@QyuWO-t—0),0 —b-d), O<e=0), 
«(5 b),(2—c),(2—d),(2—b—c—d), 


3bedn(3—b—c+n) 1) 
' (2—b)(2—c)(2—d)(b+c+d—n—1)(n+2) 


4. Conclusions 


In this paper, we applied two identities for generalized hypergeometric series in order to extend 
some classical summation theorems of hypergeometric functions such as Gauss, Kummer, Dixon, 
Watson, Whipple, Pfaff-Saalschtitz and Dougall formulas and then obtained some new summation 
theorems using the second introduced hypergeometric identity. 
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1. Introduction 


Let X be anonempty universal set, and let d : X x X — R ; be a nonnegative real-valued function 
defined on the product set X x X. We say that (X,d) is a metric space if and only if the following 
conditions are satisfied: 


for any x,y € M, d(x,y) = 0 implies x = y; 

(self-distance condition) for any x € M, d(x,x) = 0; 

(symmetric condition) for any x,y € M, d(x,y) = d(y,x); 
(triangle inequality) for any x,y,z © M,d(x,z) < d(x,y) +d(y,z). 


In the literature, different kinds of spaces are considered by weakening the above conditions. 
Wilson [1] says that (X,d) is a quasi-metric space when the symmetric condition is not satisfied; that is, 
the following conditions are satisfied: 


e = for any x,y € M, d(x, y) = Oif and only if x = y; 
e = for any x,y,z € M,d(x,z) < d(x,y) +d(y,z). 


After that, many authors (referring to [2-15] and the references therein) also defined the 
quasi-metric space as follows: 


e = for any x,y € M, d(x, y) =0 = d(y,x) if and only if x = y; 
e = for any x,y,z € M,d(x,z) < d(x,y) +d(y,z). 


However, these two definitions are not equivalent. The reason is that d(x,y) = 0 does not 
necessarily imply d(y, x) = 0, since the symmetric condition is not satisfied. It is clear to see that, in the 
Wilson’s sense, we also have d(y, x) = 0 if and only if y = x. 

Wilson [16] also says that (X,d) is a semi-metric space when the triangle inequality is not satisfied; 
that is, the following conditions are satisfied: 


e = for any x,y € M, d(x, y) = Oif and only if x = y; 
e = forany x,y € M,d(x,y) =d(y,x). 


On the other hand, Matthews [11] says that (X,d) is a partial metric space if and only if the 
following conditions are satisfied: 
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for any x,y © M, x = y if and only if d(x,x) = d(x,y) =d(y,y); 
for any x,y € M,d(x,x) < d(x,y); 

for any x,y € M,d(x,y) =d(y,x). 

for any x,y,z © M,d(x,z) < d(x,y) +d(y,z) —d(y,y). 


The partial metric space does not assume the self-distance condition d(x, x) = 0. 

In this paper, we shall consider a so-called pre-metric space in which we just assume that 
d(x,y) =0 implies x = y for any x,y € X. In other words, the pre-metric space does not assume 
the self-distance condition and symmetric condition. Since the triangle inequality plays a very 
important role, without considering the symmetric condition, the triangle inequality can be considered 
in four forms, which was not discussed in the literature. Based on the four different kinds of 
triangle inequalities, we can induce the T;-space space from the pre-metric space under some 
suitable conditions. 

This paper is organized as follows. In Section 2 , we propose the so-called pre-metric space 
in which four forms of triangle inequalities are considered and studied. Many basic properties are 
also obtained for further investigation. In Section 3, we induce the T;-space from a given pre-metric 
space under some suitable assumptions. In Section 4, the limits in pre-metric space are also studied. 
We present the consistency of limit concepts in the pre-metric space and the induced topologies. 


2. Definitions and Properties 


In this section, we shall introduce the concept of pre-metric space, and the four concepts of triangle 
inequalities. We also derive some interesting properties that will be used in the further study. Without 
considering the symmetric condition, we first introduce four types of triangle inequality as follows. 


Definition 1. Let X be a nonempty universal set, and let d be a mapping defined on X x X into Ry. 

e We say that d satisfies the ><-triangle inequality if and only if the following inequality is satisfied: 
d(x,y) + d(y,z) > d(x,z) forall x,y,z € X. 

e We say that d satisfies the >-triangle inequality if and only if the following inequality is satisfied: 
d(x,y) + d(z,y) > d(x,z) forall x,y,z € X. 

e We say that d satisfies the <-triangle inequality if and only if the following inequality is satisfied: 
d(y,x) + d(y,z) > d(x,z) forall x,y,z € X. 

e We say that d satisfies the o-triangle inequality if and only if the following inequality is satisfied: 


d(y,x) + d(z,y) > d(x,z) forall x,y,z € X. 


It is obvious that if d satisfies the symmetric condition, then the concepts of ><-triangle inequality, 
>-triangle inequality, <-triangle inequality and o-triangle inequality are all equivalent. 


Example 1. We define a function d : Ry x Ry — Ry, by d(x,y) = max{x,y}. Then d(x,x) = x for any 
x > 0, which also says that d(x, x) is not always zero. It is not hard to check 


max{x,y}+max{y,z} > max{x,z}, 


which also says that 
d(x,y) + d(y,2) > d(x,2). 
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This shows that d satisfies the ><-triangle inequality. Since d also satisfies the symmetric condition, it 
means that all the four forms of triangle inequalities are equivalent. However, since d(x,x) > 0 for x > 0, it 
says that (Rd) is still not a metric space. 


Example 2. We define a function d: Ry x Ry — Ry by 


x ifx>y 
d = 
(9) Qy—x ifx<y. 
Then d(x,x) = x for any x > 0, which also says that d(x,x) is not always zero. For x > y, we see that 
d(x,y) = x and d(y,x) = 2x —y, which says that d(x,y) # d(y,x) in general; that is, the symmetric 
condition is not satisfied. It is not hard to check 


d(x,y) + d(y,z) > d(x,2). 
This shows that d also satisfies the ><-triangle inequality. 
Examples 1 and 2 say that d(x,x) 4 0 for x 4 0. Therefore, we propose the following definition. 


Definition 2. Let X be a nonempty universal set, and let d be a mapping defined on X x X into R,. We say 
that (X,d) is a pre-metric space if and only if d(x,y) = 0 implies x = y for any x,y € X. 


We see that (X,d) is a quasi-metric space if and only if (X,d) is a pre-metric space satisfying the 
><-triangle inequality and d(x,x) = 0 for all x € X. 


Example 3. Examples 1 and 2 are pre-metric spaces, since it is not hard to check that d(x,y) = 0 implies 
x = y = 0 based on the nonnegativity. 


Remark 1. Let (X,d) be a pre-metric space. Then d(x,y) = 0 implies x = y, which also implies d(x,y) = 
0 = d(x,x) =d(y,x) without needing the symmetric condition. We remark that this symmetric situation can 
only happen when d(x,y) = 0 or d(y,x) = 0. Therefore, if d(x,y) > 0 then we cannot have d(x,y) = d(y,x) 
in general. On the other hand, we also see that d(x,y) = 0 or d(y,x) = 0 implies d(x,x) = 0. However, this 
situation does not say d(x,x) = 0 forall x € X. We can just say that d(x,x) = 0 when d(x,y) = 0 for some 
x,y € X. In other words, we can just say that d(x,x) = 0 for some x € X. This situation can also be realized 
from Example 2. 


Proposition 1. Let X be a nonempty universal set, and let d be a mapping defined on X x X into R,. Suppose 
that the following conditions are satisfied: 


e = =d(x,x) = 0 forall x € X; 
e = d satisfies the b-triangle inequality or the <-triangle inequality or the o-triangle inequality. 


Then d satisfies the symmetric condition. 
Proof. Suppose that d satisfies the >-triangle inequality. Then, given any x,y € X, we have 
d(x,y) < d(x, x) +d(y,x) = d(y,x). 
By interchanging the roles of x and y, we can also obtain d(y,x) < d(x,y). This shows that 


d(x,y) = d(y,x). The other cases of satisfying the <-triangle inequality and the o-triangle inequality 
can be similarly obtained. This completes the proof. 


Remark 2. Suppose that d(x,x) = 0 for all x € X, and that d satisfies the o-triangle inequality for some 
o € {p,<,o}. Then, using Proposition 1, we see that all the four forms of triangle inequalities are equivalent. 
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3. Tj-Space 


We want to show that the pre-metric space along with the different kinds of triangle inequalities 
can induce the T|-Space based on the concepts of open balls defined below. 


Definition 3. Let (X,d) be a pre-metric space. Given r > 0, the open balls centered at x are denoted and 
defined by 
BS (Gr) ={y € X2dy) <7} 


and 
B’(x;r) = {ye X:dly,x) <r}. 


Let B“ denote the family of all open balls B“(x;1), and let B° denote the family of all open balls BP (x;1). 


In the sequel, we also assume that the open balls B“(x;r) and B’(x;r) are nonempty for each 
x € X andr > 0. In other words, given any x € X andr > 0, we assume that there exist y; and y2 
such that d(x,y,) < rand d(x,y2) < r, respectively. It is also clear that if d satisfies the symmetric 
condition, then 
BS(x;r) = BP(x;r). 


In this case, we simply write B(x; 1) to denote the open balls centered at x, and write 6 to denote 
the family of all open balls B(x;r). 


Proposition 2. Let (X,d) be a pre-metric space. 
(i) Given any x € X, we have the following properties. 


e Suppose that d(x,x) = 0. Then x € BS(x;r) € BS and x € B’(x;r) € B? forallr > 0. 
e Suppose that x € BS(x;r) forall r > 0, or that x € B’(x;r) forall r > 0. Then d(x,x) = 0. 


(ii) If x A y, then there exist r; > Oand ry > 0 such that y ¢ BS(x;1,) and y ¢ B’(x;12). 
(iii) For each x € X, we have the following properties. 


e — Given any B*(x;r) € B%, there exists n € N such that B*(x;1) C B%(x;r). 
e — Given any B°(x;r) € B®, there exists n € N such that B°(x;+) C B’(x;r). 


Proof. The first statement of part (i) is obvious. To prove the second statement of part (i), we take 
a sequence {rn *_-1 Of positive numbers such that it is decreasing to zero. Then we have d (x,x) <Tn 
for all n, which implies d(x,x) = 0 by taking n — oo. To prove part (ii), since x # y, it follows that 
d(x,y) > Oand d(y,x) > 0 by the definition of pre-metric space. Using the denseness of R, there exists 
r, > Osuch that 0 < 1, < d(x,y), which also says that y ¢ B“(x;1r,). We also have y ¢ B”(x;r2) for 
some rp > 0 satisfying 0 < rp < d(y,x). Part (iii) follows from the existence of a positive integer n with 
1/n <r. This completes the proof. 


Proposition 3. Let (X,d) be a pre-metric space. Then we have the following inclusions. 
(i) Suppose that d satisfies the >-triangle inequality. 

e Given any y € B“(x;r), there exists 7 > 0 such that BY(y;7) C B“(x;r). 
e Given any y € B” (x;r), there exists ? > 0 such that B’(y;7) C B’(x;r). 

(ii) Suppose that d satisfies the b-triangle inequality. Given any y € B“(x;r), there exists 7 > 0 such that 
B’(y;7) C BS(x;r) and B’(y;7) C BP(x;r). 

(iii) Suppose that d satisfies the <-triangle inequality. Given any y € B’(x;r), there exists 7 > 0 such that 
BS(y;7) C B’(x;r) and BS(y;7) C BS(x;r). 

(iv) Suppose that d satisfies the o-triangle inequality. 
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e = Given any y € B“(x;1r), there exists 7 > 0 such that B“(y;7) C B’(x;r). 
e = Given any y € B” (x;1r), there exists 7 > 0 such that B’(y;7) C BS(x;r). 


(v) Suppose that d satisfies the >-triangle inequality and the <-triangle inequality. 


e = Given any y € B“(x;1r), there exists 7 > 0 such that B“(y;7) C BS(x;r). 
e = Given any y € B” (x;1r), there exists 7 > 0 such that B’(y;7) C B’(x;r). 


Proof. To prove part (i), for y € B“(x;r) and z € B“(y;7), let? < r—d(x,y). Using the -triangle 
inequality, we have 


d(x,z) <d(x,y) +dly,z) <d(x,y) +7 <d(x,y) +r—d(xy) =1, 


which says that z € B“(x;7r). Therefore we obtain the inclusion B“(y;7) C B“(x;r). For y € B’(x;r) 
and z € B’(y;7), let? < r—d(y,x). Then we can similarly obtain the inclusion B’ (y;7) C B”(x;r). 

To prove part (ii), for y € B“(x;r) and z € B?(y;7), let? < r—d(x,y). Using the p-triangle 
inequality, we have 


d(x,z) < d(x,y) +d(z,y) < d(x, y) +7 < d(x,y) +r—d(x,y) =1, 


which says that z € B“(x;r). Therefore we obtain the inclusion B”(y;7) C B“(x;7r). We can similarly 
obtain the inclusion B’(y;7) C B”(x;r). 

Parts (iii) and (iv) can be similarly obtained. To prove the first statement of part (v), using part 
(ii), we can take 7* > 0 such that B’(y;7*) C B*(x;r). Using part (iii), we can also take 7 > 0 such 
that B“(y;7) C B’(y;7*). This shows that B“(y;7) C B“(x;r). The second statement of part (v) can be 
similarly obtained. This completes the proof. 


Proposition 4. Let (X,d) be a pre-metric space. Then we have the following inclusions. 
(i) Suppose that d satisfies the b<-triangle inequality. 


e = If x € BS(x1,11) M BS(x2,1r2), then there exists rz > 0 such that 
BS(x,13) C BS(x1,11) O BS(x2,12). 
e = If x € BP(x1,11) 1 B’(x2,1r2), then there exists rz > 0 such that 
BP (x,13) C BP (x1,171) 0 BP (x2,12). 


(ii) Suppose that d satisfies the >-triangle inequality. If x € B<(x1,1,) M B“(x2,12), then there exists r3 > 0 
such that 


B(x, r3) Cc BS(x1,711) N BS (x0, r2) and B(x, r3) Cc B’(x1,11) N B(x, 1). 


(iii) Suppose that d satisfies the <-triangle inequality. If x € B°(x1,11) N B’(x2,12), then there exists rz > 0 
such that 


B(x,13) C BP (x1,11) MB’ (x2,172) and B°(x,13) C BS(x1,171) A BS(x2,72). 


(iv) Suppose that d satisfies the o-triangle inequality. 


ee If x € BS(x1,1,) M BS(x2,r2), then there exists rz > 0 such that 


BS (x,713) Cc B’ (x1,11) a B” (x0,12). 
e = If x € BP(x1,11) 1 B’(x2,1r2), then there exists r3 > 0 such that 


B” (x,13) Cc BS(x1,11) N BS (x0,12). 
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(v) Suppose that d satisfies the >-triangle inequality and the <-triangle inequality. We have the following inclusions. 
e = If x € BS(x1,11) M BS(x2,1r2), then there exists r4 > 0 such that 
B(x,14) C BS(x1,171) O BS(x2,12). 
ee If x € BP(x1,11) 9 B’(x2,1r2), then there exists rg > 0 such that 


B”(x,14) Cc B’ (x1,11) a B” (x2,12). 


Proof. To prove part (i), for x € B“(x1,1r,) and x € B%(x,r2), using part (i) of Proposition 3, there exist 
7 and 72 such that 
BS(x,71) Cc BS(x1,11) and B(x, 72) Cc BS (x9,12). 


We take r3 = min{71,72}. Then 
B(x, r3) Cc B(x, 71) M B(x, 72) Cc BS (x1, 11) a BS (x9, 12). 


Therefore we obtain the first inclusion. The second inclusion can be similarly obtained. 
To prove part (ii), for x € BS(x1,1r,) and x € B“(x2,r2), using part (ii) of Proposition 3, there exist 
7, and 72 such that 
B(x, 71) C BS(x1,711) and B’ (x, 71) C B’ (x1, r). 


and 
B” (x, 72) C BS (x0,12) and B’ (x, 7) Cc B’(x9,12). 


Let rs = min{71,72}. Then 
B(x, r3) Cc B’ (x,74) MN B’ (x, ?2) Cc BS(x1,11) N BS (x0,12) 


and 
B”(x,13) C BP (x,71) A B’(x,?2) © BP (x1,11) NB” (x2, 12). 


Therefore we obtain the desired inclusions. 
Parts (iii) and (iv) can be similarly obtained. To prove the first statement of part (v), using part (iii) 
of Proposition 3 and part (ii) of this proposition, we can find rg > 0 such that 


BS(x,1r4) C BP (x,r3) © BS(x1,11) N BA (x2,12). 


The second statement can be similarly obtained. This completes the proof. 


Proposition 5. Let (X,d) be a pre-metric space. Suppose that x # y. Then we have the following properties. 


(i) Suppose that d satisfies the ><-triangle inequality or the o-triangle inequality. Then B“(x;r) NM B’(y;r) = @ 
and B’(x;r) M BS(y;r) = © for some r > 0. 
(ii) Suppose that d satisfies the >-triangle inequality. Then B“(x;r) M BS(y;r) = © for some r > 0. 
(iii) Suppose that d satisfies the <-triangle inequality. Then B’(x;r)M B’(y;r) = © for some r > 0. 


Proof. Since x 4 y, it says that d(x,y) > 0 and d(y,x) > 0. We consider the following cases. 


e Suppose that d satisfies the >-triangle inequality. Let r < d(x,y)/2. We are going to prove 
BS(x;r) M BS(y;r) = © by contradiction. Suppose that z € B<(x;r) M B“(y;1r). Since d satisfies the 
>-triangle inequality, it follows that 


d(x,y) <d(x,z)+d(y,z) <<r+r=2r<d(x,y), 
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which is a contradiction. Suppose that d satisfies the <-triangle inequality. Then we can similarly 
obtain the desired result. 
e Suppose that d satisfies the >-triangle inequality. Let r < d(x,y)/2. For z € B“(x;r) NM B’(y;r), 
it follows that 
d(x,y) <d(x,z)+d(z,y) <<r+r=2r<d(x,y), 


which is a contradiction. On the other hand, let r < d(y,x)/2, for z € B’(x;r)M B(y;r), 
it follows that 
d(y,x) <dly,z)+d(z,x)<r+r=2r<dly,x), 


which is a contradiction. Suppose that d satisfies the o-triangle inequality. Then we can similarly 
obtain the desired result. 


This completes the proof. 


Theorem 1. Let (X,d) be a pre-metric space. Define 
Ti = {O° CX: x € O% if and only if there exist r > 0 such that x € BS(x;r) C O%}. (1) 


and 
Tt? = {O" CX: x € O ifand only if there exist r > 0 such that x € B’(x;r) C OP}. (2) 


Suppose that d satisfies the ><-triangle inequality. Then we have the following results. 


e Assume additionally that d(x,x) = 0 forall x € X, or that x € BS(x;r) forallx € X andr > 0. 
Then (X,t“) is a T,-space such that B® is a base for the topology tT“. 

e Assume additionally that d(x,x) = 0 forall x € X, or that x € B(x;r) forallx € X andr > 0. 
Then (X,t”) is a T,-space such that B” is a base for the topology t”. 


The T,-spaces (X,t“) and (X,t”) also satisfy the first axiom of countability. Moreover, B“(x;1) is a T*-open 
set and B’(x;r) is a T”-open set. 


Proof. Using part (i) of Proposition 2 and part (i) of Proposition 4, we see that T“ is a topology such 
that B* is a base for t*. Part (ii) of Proposition 2 says that (X, Tt“) is a T;-space. Part (iii) of Proposition 2 
says that there exists a countable local base at each x € X for tT“, which also says that tT“ satisfies 
the first axiom of countability. Regarding t”, we can similarly obtain the desired results. Finally, 
part (i) of Proposition 3 says that B“(x;1r) is a T\-open set and B”(x;1r) is a T’-open set. This completes 
the proof. 


We remark that, in Theorem 1, although we assume d(x,x) = 0 for all x € X, (X,d) is not 
necessarily a metric space, since the symmetric condition is still not satisfied. The following example 
provides this observation. 


Example 4. We define a function d : Ry x Ry — Rx by 


x ifx>y 
d(x,y)=4 0 ifx=y 
2Qy—x ifx<y. 


Then d(x,x) = 0 for all x € X. By referring to Example 2, we also see that the symmetric condition is not 
satisfied, and that d satisfies the b<-triangle inequality. Using Theorem 1, we can induce two T,-spaces (R,T*) 
and (R,t”). Moreover, the spaces (R+,T*) and (R 1,7”) also satisfy the first axiom of countability. 
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4. Limits in Pre-Metric Space 


Let (X,d) be a pre-metric space. Since the symmetric condition is not necessarily satisfied, 
the different concepts of limit are proposed below. 


Definition 4. Let (X,d) be a pre-metric space, and let {x,}*°_, be a sequence in X. 


. ad ; 

e = Wewrite x» —>+ x asn — o0 ifand only if d(xn,x) + Oasn > o. 
. d* ‘ ; 

e «We write x» —+ x asn — 00 if and only if d(x, x) + Oasn > o. 
d ; 

e = We write x, —>+ x asn — oo if and only if 


Tim d(xn, x) = Tim, d(x, xn) = 0. 


The uniqueness of limits will be discussed below. 
Proposition 6. Let (X,d) be a pre-metric space, and let {x;}*°_, bea sequence in X. 


(i) Suppose that d satisfies the v<-triangle inequality or o-triangle inequality. If xn x and Xn x y, 
then x = y. 
(ii) Suppose that d satisfies the <-triangle inequality. If xn , x and Xn = y, then x = y. In other words, 
the d°-limit is unique. 
(iii) Suppose that d satisfies the >-triangle inequality. If xy yx and Xn za y, then x = y. In other words, 
the d°-limit is unique. 


Proof. To prove part (i), we first assume that d satisfies the ><-triangle inequality. Then 
d(x,y) <d(x,xn) +d(xn,y) 70+0=0, 
which says that x = y. Now suppose that d satisfies the o-triangle inequality. Then 


d(y,x) < d(xn,y) + d(x,xn) 7 0+0=0 


which also says that x = y. The other cases can be similarly obtained. This completes the proof. 


Let (X, 7) be a topological space. The sequence {x,}°°_, in X converges to x € X with respect to 
the topology is denoted by x; —+ x as 1 + oo. 


Proposition 7. Let (X,d) be a pre-metric space. Suppose that d satisfies the >-triangle inequality or the 
>-triangle inequality or the <-triangle inequality. Assume that d(x,x) = 0 for all x € X. Then the following 
statements hold true. 


(i) Let t” be the topology defined by (1) in Theorem 1, and let {xn}°°_, be a sequence in X. Then xn =, xas 
n — o9 ifand only if xy ©, xasn 0. 
(ii) Let T° be the topology defined by (2) in Theorem 1, and let {xn}°°_, be a sequence in X. Then xn —+ x as 


: : ds 
n — o0 if and only if x, —+ xasn + ©, 


Proof. Under the assumptions, Theorem 1 says that we can induce two topologies t” and tT“. It suffices 
D> 
to prove part (i). Suppose that x, —> x as n —> co. Given any € > 0, there exits ng € N such that 
X, € B’(x;e) for alln > ne, ie., d(x,,x) < e€ for all n > ne. This says that d(x,,x) + 0asn — ov. 
Conversely, if d(x;,x) — 0 as n — ©, then, given any € > 0, there exists ne € N such that d(xy,x) < € 
D> 
for all n > ne, which says that x, € B’(x;e) for alln > ne. This shows that x, — + x as — oo, and the 
proof is complete. 
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Let (X,d) be a pre-metric space. We consider the following sets 
BS(x;r) = {y € X: d(x,y) <r} and B’(x;r) = {ye X:d(y,x) <r}. 


If the symmetric condition is satisfied, then we simply write B(x;1). We are going to consider 
the closeness of B“(x;r) and B”(x;r). Let us recall that, given a topological space (X,T), we say that 
a subset F of X is t-closed if and only if t-cl(F) = F, where t-cl(F) denotes the t-closure of F. 


Proposition 8. Let (X,d) be a pre-metric space. Suppose that d satisfies d(x,x) = 0 for all x € X and the 
><-triangle inequality. We have the following results. 


e  BS(x;r) is t’-closed. In other words, we have t”-cl(B* 
B> B 


)) = BS(x;r). 
(x;r) is T*-closed. In other words, we have t<-cl( = Be 


(x1 
e ee r) ) (x; r). 
Proof. Under the assumptions, Theorem 1 says that we can induce two topologies t” and T° satisfying 
the first axiom of countability. To prove the first statement, for y € t”-cl(B“(x;1r)), since (X,T”) satisfies 
the first axiom of countability, there exists a sequence {yn}°_, in B“(x;r) such that yn = y as n — 0, 
We also have d(x, y,) <r for all n. By part (i) of Proposition 7, we have d(yn,y) — 0. as n — 9 for all. 
The ><-triangle inequality says that 


d(x,y) <d(x,yn) +d(yn,y) <r+d(yn,y) 4 rasn > ©, 


which shows y € B“(x;1r). Therefore we obtain t”-cl(B“(x;r)) = B“(x;r). The second statement can 
be similarly obtained. This completes the proof. 


Proposition 9. Let (X,d) be a pre-metric space. Suppose that the following conditions are satisfied. 


e = d satisfies the b-triangle inequality and the <-triangle inequality simultaneously. 
e = d(x,x) =O forall x € X. 


Then d satisfies the symmetric condition; that is, (X,d) is a metric space. 
Proof. Using part (i) of Proposition 2 and part (v) of Proposition 4, we see that tT“ defined by (1) in 
Theorem 1 is a topology such that B* is a base for Tt“. Part (iii) of Proposition 2 says that there exists a 


countable local base at each x € X for T*, which also says that T“ satisfies the first axiom of countability. 
For y € t*-cl(B*(x;r)), the first axiom of countability says that there exists a sequence {yn}_, in 


B*(x;1r) such that yn os yas n— oo. Wealso have d(x, yn) < r for all n. By part (ii) of Proposition 7, 
we have d(y, yn) — 0.as n — ov. The b-triangle inequality says that 


d(x,y) <d(x,yn) +d(y, yn) <r+d(y,yn) 4 rasn — ©, 
which shows y € B%(x;1r), ie., T-cl(B*(x;1r)) = BS(x;r). On the other hand, we also have 
d(y,X) < d(y,yn) + d(x, yn) S dy, yn) +r > rasn + %, 
which shows y € B°(x;1r). Therefore we obtain the inclusion tT“-cl(B*(x;r)) C B’(x;r), which also 


says that B“(x;r) C B’(x;r). Now, given any x,y € X with y 4 x, we have d(x,y) > 0. Let r = d(x,y). 
Then y € B“(x;r). This also says that y € B’(x;r), ie., 


dy,x) <r=d(x,y). 


By interchanging the roles of x and y, we can similarly obtain d(x,y) < d(y,x). This completes 


the proof. 
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Remark 3. Let (X,d) be a pre-metric space. Suppose that the conditions presented in Proposition 9 are 
satisfied. Then (X,d) turns into a metric space. It is well-known that the metric space (X,d) can induce 
a Hausdorff topological space. More precisely, using the notations in this paper, we see that tT = Tt” 
that is simply written as t. In other words, (X,t) is a Hausdorff space such that B is a base for the 
topology t, where B = BS = B. The Hausdorff space (X,T) also satisfies the first axiom of countability. 
Moreover, B(x;r) is a t-open set and B(x;r) is a t-closed set, where B(x;r) = B“(x;r) = B?(x;r) and 
B(x;r) = BS(x;r) = B?(x;7). 


In a future study, we shall avoid to consider the conditions presented in Proposition 9. Otherwise, 
the study will become trivial, based on the results of conventional metric space. 


Conflicts of Interest: The author declares no conflict of interest. 
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Abstract: This paper continues our earlier investigation, where a walk-on-spheres (WOS) algorithm 
for Monte Carlo simulation of the solutions of the Yukawa and the Helmholtz partial differential 
equations (PDEs) was developed by using the Duffin correspondence. In this paper, we investigate 
the foundations behind the algorithm for the case of the Yukawa PDE. We study the panharmonic 
measure, which is a generalization of the harmonic measure for the Yukawa PDE. We show that there 
are natural stochastic definitions for the panharmonic measure in terms of the Brownian motion 
and that the harmonic and the panharmonic measures are all mutually equivalent. Furthermore, we 
calculate their Radon—Nikodym derivatives explicitly for some balls, which is a key result behind the 
WOS algorithm. 


Keywords: potential theory; Brownian motion; Duffin correspondence; harmonic measure; Bessel 
functions; Monte Carlo simulation; panharmonic measure; walk-on-spheres algorithm; Yukawa 


equation 
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1. Introduction and Preliminaries 


The harmonic measure is a fundamental tool in geometric function theory, and it has interesting 
applications in the study of bounded analytic functions, quasiconformal mappings and potential 
theory. For example, the harmonic measure has proven very useful in the study of quasidisks and 
related topics (see, e.g., [1-3]). Results involving the harmonic measure have been given by numerous 
authors since the 1930s (see [4] and references therein). In this paper, we consider the panharmonic 
measure, which is a natural counterpart of the classical harmonic measure, whereby the harmonic 
functions related are replaced with the smooth solutions to the Yukawa equation: 


Au(x) = peu(x), p?>0. (1) 


Equation (1) first arose from the work of the Japanese physicist Hideki Yukawa in particle physics. 
Here, u: D > R is a two-times differentiable function and D C R", n > 2 isa domain. The Yukawa 
equation was first studied in order to describe the nuclear potential of a point charge. This model led 
to the concept of the Yukawa potential (also called a screened Coulomb potential), which satisfies an 
equation of the type given by Equation (1). The Yukawa equation also arises from certain problems 
related to optics (see [5]). Clearly, when p = 0, we have the Laplace equation, and, indeed, the results 
given in this paper reduce to the classical results. 
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Using the terminology of Duffin [6,7], we calla function u: D — R panharmonic, or f-panharmonic, 
in a domain D if its second derivatives are continuous and if it satisfies the Yukawa equation (Equation 
(1)) for all x € D. The function u is called panharmonic at x9 € D if there is a neighborhood of x9 
where u is panharmonic. 

In Definition 1 of the panharmonic measure below, and in all that follows, we always assume 
that n > 2, although some results are also true in the dimension n = 1. For Definition 1, we need 
the notions of smallness and the regularity of a domain. These are best given by using the stochastic 
characterization via the Brownian motion. We refer to any of the classical textbooks [8-10] for further 
details. 

We recall that the n-dimensional Brownian motion W = (W(t);t > 0) starting from the point 
x € R" is the time-homogeneous Markov process with the Markov semigroup 


P(t) f(x) = E* [F(W(¢))] 


given by 
P(t) = 24; 


that is, 5A is the generator of the Markov semigroup of the Brownian motion. 


A domain D C R" is regular if the Brownian motion does not dwell on its boundary; more 
precisely, D is (Wiener) regular if 


P* [tp =0]) =1, forall x € aD, 
where P* is the probability measure under which P*|W(0) = x] = 1, and 
Tp = inf {t > 0;W(t) € D°} 


is the first hitting time of the Brownian motion in the set D°. We call a regular domain D (Wiener) 
small if a Brownian motion starting inside D eventually will leave the domain; that is, D is small if 


P* [to <o]=1, forall x €D. 


For example, all bounded domains are small. All half-spaces are also small. 


The panharmonic, or /-panharmonic, measure is a generalization of the harmonic measure: 


Definition 1. Let D C R" bea small regular domain, and let u? > 0. The p-panharmonic measure on a 
boundary 0D witha pole at x € D is the measure Hy (D; -) such that any bounded p-panharmonic function 
u on D admits the representation 


u(x) = J, mv) Hj(Didy). @) 


The existence and uniqueness of a panharmonic measure is established by Theorem 1 and 
Corollary 2 later. Indeed, by Theorem 1, all bounded solutions to the Dirichlet problem Au — wu =0 
ona small regular domain with continuous and bounded boundary data are given by the panharmonic 
measure as in Equation (2). By Corollary 2, if we > 0, then the assumption that the domain is small can 
be removed; that is, all bounded solutions on a regular domain are of the form given by Equation (2) if 
the boundary data is bounded and continuous. Of course, it is well known that there are unbounded 
solutions to the Laplace equation that do not admit the harmonic measure representation. The same is 
true for the Yukawa equation. We refer to Evans [11] for more details on the solutions of the Laplace 
equation. 

We note that if we replace the “killing parameter” yi? in the Yukawa equation (Equation (1)) with 
a “creation parameter” A < 0, we obtain another important partial differential equation (PDE), the 
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Helmholtz equation. In principle, the stochastic approaches taken in this paper can be applied to the 
solutions of the Helmholtz equation if the domain D is small enough compared to the parameter A. 
For details, we refer to Chung and Zhao [8]. If we replace j* by a (positive) function, we obtain the 
Schrodinger equation. Again, the stochastic approaches taken in this paper can be applied, in principle, 
to the Schrédinger equation, but the results may not be mathematically very tractable. Again, we 
refer to Chung and Zhao [8] for details. The rest of the paper is organized as follows: In Section 2, 
we show three different connections between the panharmonic measures and the Brownian motion. 
The first two (Theorem 1 and Corollary 1) are essentially well known. The third (Corollary 2) is new. 
In Section 3, we show that the panharmonic measures and the harmonic measures are all mutually 
equivalent (Theorem 3) and provide some corollaries; namely, we provide a domination principle 
for the Dirichlet problem related to the Yukawa equation (Corollary 3) and analogs of theorems of 
Riesz—Riesz, Makarov and Dahlberg for the panharmonic measures (Corollary 4). In Section 4, we 
consider the panharmonic measures on balls and prove an analogue of the Gauss mean value theorem, 
or the average property, for the panharmonic functions (Theorem 4), and as a corollary, we obtain the 
Liouville theorem for panharmonic functions (Corollary 5). Finally, in Section 5, we discuss extensions 
to the Schrédinger and the Helmholtz PDEs and the walk-on-spheres (WOS) simulation of PDEs. 


2. Yukawa Equation and Brownian Motion 


We first recall the celebrated connection between the harmonic measure and the Brownian motion 
first noticed by Kakutani [12] in the 1940s; the harmonic measure is the hitting measure: 


H*(D;dy) = P* [W(tp) € dy, tp < oo]. (3) 


Theorem 1 below is a variant of the Kakutani connection (Equation (3)). A key component of the 
variant is the following disintegration of the harmonic measure at the time the associated Brownian 
motion hits the boundary 0D: 


Lemma 1. Let D C R” be a regular domain, and let x € D. Then 
H*(D; dy) =f h*(D; dy, t) dt, 
t=0 


where anne 
h*(D;dy,t) = P* [W(tp) € dy | tp = t} ap [tT < #] (4) 


is the harmonic kernel. 
Proof. First, we show the existence of the regular conditional distribution: 
p* (dy|t) = P* [W(tp) € dy | tp = #]. (5) 


For this, we note that the random vector (W(tp),Tp) can be considered as a function from a 
space of continuous functions that are the Brownian trajectories equipped with the metric 


d(f,g) = = 277 fran) — str-an)l_- 


For Brownian trajectories, the metric d is almost surely finite because of the independent 
increments of the Brownian motion and the Borel—Cantelli lemma. Additionally, with the metric 
d, the space of Brownian paths is a Polish space. Now, by Theorem A1.2 of [13], Polish spaces are 
Borel spaces. Consequently, for any fixed x € D, by Theorems 6.3 and 6.4 of [13], the probability 
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kernel (Equation (5)) exists and is measurable with respect to t. Consequently, the harmonic kernel is 
measurable with respect to ft. 

Second, we show that the distribution of the hitting time tp is absolutely continuous with 
respect to the Lebesgue measure. Let ¢ > 0 be small enough so that B = B(x,e) C D. Then tp = 
Tg + (tp — Tg). Now, the distribution of tg is absolutely continuous; see, for example, the section of 
Bessel processes in Borodin and Salminen [14]. Additionally, because of the rotation symmetry of the 
Brownian motion, tg and Tp — Tg are independent. Hence, by disintegration and independence, we 
obtain that 


P*[tp € dt] = P* [tp + (Tp — Tp) € dt] 
~ I P*|t + (tp — Tg) € ds| t = #] P* [tp € dé] 
s=0 


= i: P*|t + (tp = Tp) E ds] p* [Tp E dt] 
= *(t)P*[tg € dé]. 


Thus, the distribution of tp is absolutely continuous when the distribution of Tg is absolutely 
continuous. 


Third, we show that the formula given by Equation (4) holds. By disintegrating and conditioning, 
and by using the continuity of the distribution of Tp, we obtain that 


p* [W(tp) ‘= dy, To < 00] 
= i P* [W(tp) € dy, tp € dt] 


= ie P* (W(tp) € dy | tp = t]P* [tp € df] 


= [- F Woo) dy 4 ee Sa ae 
t=0 dt ~ 


The claim follows now from the Kakutani connection (Equation (3)). 


The following Theorem 1 is a version of the Kakutani theorem [12] for the Yukawa equation. 
In some sense, it is a special case of the Kakutani connection to the Schrédinger equation studied 
extensively by Chung and Zhao [8]. However, it seems that this version with an unbounded and 
non-small domain D does not appear in any classical texts. 


Theorem 1. Let D C R" bea regular domain, and let f : 0D — R be bounded and continuous. 


(i) Then 
u(x) = E* le-FFW(D)): Tp <0 (6) 


is a solution to the Yukawa—Dirichlet problem: 


Au = yeu on OD, 
u = f on oD. 


(ii) Moreover, if u is bounded and D is small, then Equation (6) is the only solution to the Yukawa—Dirichlet 


problem. 
(iii) As a consequence, the panharmonic measure admits the representation 


" co 2 . 
H3(D;dy) =| rt h*(D; dy, t) dt, (7) 
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where h*(D;-,-) is the harmonic kernel defined in Equation (4). 


Proof. The first and the second claim of Theorem 1 follow from the classical Kakutani theorem (cf., 
e.g., [15] Sections 4.4. and 4.6). Indeed, we note that the difficulties involving the Schrédinger equation 


in [15], Section 4.6 vanish, because 
12 


a c re a 


To show the third claim, we condition on {tp = t} and use the law of total probability: 


u(x) = EF e = F(W(rp)); w <9 
- Legpf™ [Pc Ft (Didy,t) at 


f(y) Hi (D; dy). 


ycaD 


Remark 1. Unfortunately, even for very simple D, the harmonic kernel (Equation (A)) is quite difficult to find. 
The same is true for the regular conditional distribution (Equation (5)). For smooth boundaries 0D, one can try 
the following approach: If dD is smooth, then the harmonic kernel h*(D; dy,t) is absolutely continuous with 
respect to the Lebesgue measure dy. Indeed, define p: Ry x R” + R, by 


1 2 
p(t,x) = Gntyn72 OP (- El ) : (8) 


Then p is the Brownian transition kernel: 


p(t,.x —y) dy = P* (W(t) € dy], 
and, as a result of [16], Theorem 1, the harmonic kernel can be written as 
1 Op 
X(T. ao ME ps = 
h*(D;dy,t) = 2 an, (D; t,x — y) dy, 


where ny is the inward normal at y € dD and p(D;-,-) is the transition density of a Brownian motion that is 
killed when it hits the boundary 0D, which can be written as 


p(Ditx—y) = p(x —y) —E* [p(t t,W(tp) — 9) <#] (9) 


as a result of [10], Equation (3), on page 34. 

Consequently, for C? boundaries, the harmonic measure admits a Poisson kernel representation, and 
therefore, as a result of the representation given by Equation (7), the panharmonic measure also admits a Poisson 
kernel representation: 


fo} “2 
HX(D;dy) = | e~'r'h* (D; dy, t) dt 
i=0 
co 41 Op 
= oe eee : a 
I 5 a y) dy dt 


— fl ce op 
= E o 7 on dy. 
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Theorem 1 gives an interpretation of the panharmonic measure in terms of exponentially 
discounted Brownian motion. We give a second interpretation in terms of exponentially killed 
Brownian motion. Indeed, exponential discounting is closely related to exponential killing. 
The exponentially killed Brownian motion W,, is 


Wilt) = W(t)d yy, >6 + Hy, <t}, 


where t+ is a coffin state (by convention f(t) = 0 for all functions f) and Y, is an independent 


exponential random variable with mean 2/ we ; that is, P eee > t| = eet, Let 
th = inf {t > 0; W,(t) € D°}. 
Then we have the following representation of the panharmonic measure: 
Corollary 1. Let D C R" be a regular domain. Then the panharmonic measure admits the representation 
Hi (D;dy) = P* [Wy (tp) € dy; th < 0] . (10) 


Proof. Let f : 0D — R be bounded. Then, by Theorem 1 and the independence of W and Yj, 


i 
—— 
< 
tT 
mr 
| 
© 
Fg 
R 
= 
= 
any 
Q 
< 
S) 
Mm 
is 


P* [Y, > t] P* [W(t) € dy, tp € df] 


| 
oo 
ay 
lo5) 
iS 

= 

S 
T 
4 8 


I 
Pe 
— 


P* [Y, > t, W(t) € dy, Tp € dt] 


pe W(t) € dy, th € dt] 


] 
= 
S 


Because f was arbitrary, the claim follows. 


The two representations, Theorem 1 and Corollary 1, for the panharmonic measures are, at least 
in spirit, classical. Now we give a third representation for the panharmonic measure in terms of an 
escaping Brownian motion. This representation is apparently new in spirit. The representation is due 
to the following Duffin correspondence [6]: Let D C R" be a regular domain, and let u : D + R. Let 
I CR be any open interval that contains 0. Set D = D x I and define a: D > R by 


(x) = a(x,%) = u(x) cos(pX). (11) 


Theorem 2. The function i defined by Equation (11) is harmonic on D if and only if u is j.-panharmonic on 
Dz 
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Proof. We first show that D is regular if and only if D is regular. Let W = (W,W) be 
(n + 1)-dimensional Brownian motion. Denote 


tT = inf{t>0; W(t) € D‘}, 
inf{t > 0; W(t) € I°}, 
inf{t > 0; W(t) € D‘}. 


nh 
II 


a 
| 


We note that for {t = x} to happen, ~ must be an endpoint of the interval I. Then, by the 
independence of W and W, 


P[7=0) = [1 =0,7=0] 
P*[r = 0|P*[¢ = 0] 
= P|r=0], 


because I is clearly regular. This shows that Dis regular if and only if D is regular. 


We then show that wu satisfies the Laplace equation if and only if @ satisfies the Yukawa equation; 
this is straightforward calculus: 


Agi(%) = Axx [w(x) cos(v¥)] 


if and only if A,u(x) = p7u(x). 


Let W bea 1-dimensional standard Brownian motion that is independent of W. Then W = 
(W,W) isa (n +1)-dimensional standard Brownian motion. 

Now the idea of how to use the Duffin correspondence is clear. We start the Brownian particle 
W and count the boundary data on the side of the cylinder D = D x I, if the Brownian motion does 
not escape the cylinder from the bottom or from the top. In that case we count zero in the boundary; 
whence the name escaping Brownian motion. 


Corollary 2. Let D C R" bea regular domain. Then the panharmonic measure admits the representation 


H*(D; dy) 


= E* |cos (uW(tp)) ;W(tp) € dy, sup |W(t)| < = 
t<tp 2 


7 ee m™ 1 7 
= cos H* (0 x (--=) ,; dyad ) : (12) 
2 (HI) oy ou) TEU 


Here we have chosen I = (— oy ii) in the Duffin correspondence. 


Consequently, all bounded solutions to the Yukawa-Dirichlet problem on a regular domain with p* > 0 
and continuous and bounded boundary data are given by the panharmonic measure. 


Proof. The claim follows by combining the Kakutani connection (Equation (3)) with the 


Duffin correspondence (Equation (11)) by noticing that it is enough to integrate over dD x 
(—7c/ (2p), 7/(2)), as cos(puij7) = 0 on the boundary 0(—7/ (2), 7/(21)). 
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Finally, we note that for a regular domain D, the domain D is regular and small. 


Remark 2. Equation (12) is exceptionally well suited for calculations of the panharmonic measures on upper 
half-spaces H". = {x € R"; xn > 0}. Indeed, Duffin ([6], Theorem 5) used it to calculate the Poisson kernel 
representation for panharmonic measures in the dimension n = 2. Similar calculations can also be carried out 
for the general case, n > 2. 


3. Equivalence of Harmonic and Panharmonic Measures 


The probabilistic interpretation provided by Corollary 1 implies that the harmonic measure 
and the panharmonic measures are equivalent. Indeed, the harmonic measure counts the Brownian 
particles on the boundary, and the panharmonic measures count the killed Brownian particles on the 
boundary. However the killing happens with independent exponential random variables. Thus, if 
the Brownian motion can reach the boundary with positive probability, so can the killed Brownian 
motion, and vice versa. Additionally, it does not matter, as far as the equivalence is concerned, what 
the starting point is of the Brownian motion, killed or not. 


Theorem 3 below makes the heuristics above precise. As corollaries of Theorem 3, we obtain 
a domination principle for the Dirichlet problem related to the Yukawa equation (Corollary 3) 
and analogs of theorems of Riesz—Riesz, Makarov and Dahlberg for the panharmonic measures 
(Corollary 4). 

The same arguments that give the existence of the regular conditional law (Equation (5)) in the 
proof of Lemma 1 also give the existence and regular measurability of the following conditional 
Radon-—Nikodym derivative: 


(2 
Zi =e fe 


Wiss y (13) 


Theorem 3. Let D be a regular domain. Then all the panharmonic measures Hi (D; -), w > 0,x € D are 
mutually equivalent. The Radon—Nikodym derivative of H;,(D;-) with respect to H*(D;-) is the function 
Zji(D;-) given by Equation (13). Moreover Zi,(D;y) is strictly decreasing in w,and 0 < Zj(D;y) <1. 


Remark 3. By Corollary 1, the Radon—Nikodym derivative Zi(D;-) in Equation (13) can be interpreted as the 
probability that a Brownian motion killed with intensity in /2, and that would exit the domain D at y € oD, 
survives to the boundary oD: 


Zi (Diy) = P* [Yu > to|W(to) = y], (14) 


where Y, is an exponentially distributed random variable with mean 2/2 that is independent of the Brownian 
motion W. 


Proof of Theorem 3. Let x,y € D, and let Dp C D be a subdomain of D such that x € Do and 
y € ODo. Then, by the Markov property of the Brownian motion and the Kakutani connection 
(Equation (3)), we have 
H*(D; A) = i HY (D; A) H* (Do; dy) 
yeaDo 
for all measurable A C 0D. This shows that the harmonic measures H*(D;-), x € D are mutually 
equivalent. 
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To see that Z7; (D;-) is the Radon-Nikodym derivative, we note that, by the representation given 
by Equation (7) and the Kakutani connection (Equation (3)), 


: o 2, 
H¥(D;dy) = Le >t h*(D; dy, t) dt 


oo 2 
| ert pt [W(tp) € dy, Tp € dt} 
t=0 


| x = we Ty 
E* je 2° 
yeaD 


[ cpp Zi lDiv) Hi (Diy). 


W(rp) = y] PY W(t) € dy] 


Finally, the fact that 0 < Zj(D;-) < 1 is clear from the representation given by Equation (13). The 
fact that Zi (D;-) is strictly decreasing follows immediately from the representation given by Equation 
(14). 


From Theorem 3, we obtain immediately the following domination principle for the Dirichlet 
problem related to panharmonic functions: 


Corollary 3. Let D bea regular domain, and let u, > 0 be p-panharmonic and u, > 0 be v-panharmonic, 
respectively, on D with w <v. Then, uy < uy, on 0D implies uy < uy on D. 


Because domains with a rectifiable boundary are regular, we obtain immediately from Theorem 3 
the following analogs of the theorems of F. Riesz and M. Riesz, Makarov and Dalhberg (see [17-19], 
respectively). 


Corollary 4. Let H*(D;-) be the s-dimensional Hausdorff measure on 0D. 


(i) Let D C R® bea simply connected planar domain bounded by a rectifiable curve. Then H7(D;-) and 
H!(D;-) are equivalent for all 1p > 0 and x € D. 

(ii) Let D C R? bea simply connected planar domain. If EC 0D and H'(D;E) = 0 for some s < 1, then 
Hj(D;E) = 0 for all » > 0 and x € D. Moreover, Hj(D;-) and H'(D;-) are singular for all u > 0 
andx € Dift>1. 

(iii) Let D C R" isa bounded Lipschitz domain. Then H;,(D;-) and H"—1(D;-) are equivalent for all 1p > 0 
and x € D. 


4. The Average Property for Panharmonic Measures and Functions 


By using the representation given by Equation (7), one can calculate the panharmonic measures 
if one can calculate the corresponding harmonic kernels; or, equivalently, one can calculate 
the panharmonic measures if one can calculate the corresponding harmonic measures and the 
Radon-Nikodym derivatives given by Equation (13). 

The harmonic kernels for balls are calculated in [16]. We do not present the general formula here. 
Instead, we confine ourselves to the case in which the center of the ball and the pole of the panharmonic 
measure coincide, and give the Gauss mean value theorem, or the average property, for panharmonic 
measures. As a corollary, we have the Liouville theorem for the panharmonic measures. 

Let D C R" bea regular domain. For the harmonic measure, the Gauss mean value theorem 
states that a function u : D > R is harmonic if and only if for all balls B,(x,r) C D we have the 
average property: 


= ;dy), 
12) = J ay cay Donley) 
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where P(n/2) 
n 1 
2nn/2 pay 


is the uniform probability measure on the sphere 0B,(x,r). 


On(r;dy) = 


For the panharmonic measures, the situation is similar to the harmonic measure: the only 
difference is that the uniform probability measure has to be replaced by a uniform sub-probability 
measure that depends on the killing parameter p and the radius of the ball r. Indeed, we denote 


Vv 


H 
Yn) = ars Th)’ 


u>0, (15) 


where v = (n — 2)/2,and 


ed 1 x \ 2m-+v 
ey 2 mil (m+v +1) (5) 


m=0 


is the modified Bessel function of the first kind of order v. 


Theorem 4. Let D C R" bea regular domain, and let wp > 0. A function u : D — R is p-panharmonic if 
and only if it has the average property 


u(x) = on(qr) | 


; dy). 
ates u(y) On(r; dy) 


for all open balls By (x,r) C D. Equivalently, 
Hy, (Bn(x,1); dy) = n(ur) on (1; dy). 


Remark 4. Theorem 4 states that (yr) is the Radon—Nikodym derivative: 


W (za,(x2)) = y ‘ 


(2 
Pn(ur) = Zi (Bn(x,1);y) = E* le Fan(s) 


Proof of Theorem 4. We note that we may assume x = 0. 

Denote by 1; the first hitting time of the Brownian motion W on the boundary 0B,,(0,1r); that is, 
tj! is identical in law to the first hitting time of the Bessel process with index v = (n — 2)/2 reaching 
the level r when it starts from zero. 

From the rotation symmetry of the Brownian motion, it follows that the hitting place is uniformly 
distributed on 0B,,(0,r) for all hitting times t. Consequently, by Theorem 1 and the independence of 
the hitting time t/' and place W(t/"), 


H9(B,(0,r);dy) = E° cE Wat) € dy) 


2 
70 e a 5 oe 


On(r; dy). 


The hitting-time distributions for the Bessel process are well known. By, for example, Wendel 
([20], Theorem 4), 
2 [e-Fr] - 


: ire ary 


The claim follows from this. 
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Remark 5. The Radon—Nikodym derivative, or the “killing constant”, n(1), is rather complicated. However, 
some of its properties are easy to see (cf. Figure 1): 


(i) Wn(p) is continuous in pL, 
(ii) Wn(p) is strictly decreasing in 1, 


(iii) = n(w) 3 O0as po 0, 
(iv) Yn(w) 9 1lasp0, 
(v) Wy(p) is increasing in n. 


The items (i)—(iv) are clear, because tp,(p) is the probability that an exponentially killed Brownian motion 
starting from the origin and with killing intensity pi? /2 is not killed before it hits the boundary of the unit ball. 
A non-probabilistic argument for (i)—(iv) is to note that 


2 n 
Yn (ur) =E c ad 


and to use the monotone convergence. The item (v) is somewhat surprising: the higher the dimension n, 
the more likely it is for the killed Brownian motion to survive to the boundary of the unit ball. A possible 
intuitive explanation is that the higher the dimension, the more transitive the unit ball is, combined with the 
remarkable result by Ciesielski and Taylor [21] that the probability distribution for the total time spent in a 
ball by (n + 2)-dimensional Brownian motion is the same as the probability distribution of the hitting time of 
n-dimensional Brownian motion on the boundary of the ball. 


Figure 1. Function ¢, with (from bottom to top) n = 2,3,4,10. 


Corollary 5. Let ¢ > 0, and let u be -panharmonic on the entire space R" . If u is bounded, then u = 0. 
Proof. By Theorem 4, 


lu(x) ~ u(0)| 
Wn) fo gy) HOM) enlrscty) — ann) [uly enlrsdty) 


< [pmtr) fw) ewlriey)| + [ia(nr) fun) onlreay) 
< 2u(4 lle 
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which tends to 0 as r — 9 by property (iii) of Remark 5. This shows that u is constant. However, for 
aconstant u, the Yukawa equation (Equation (1)) yields 0 = yu, which implies that u = 0. 


5. Discussion on Extensions and Simulation 


The Yukawa equation (Equation (1)) is a special case of the Schrédinger equation: 
Au(x) = q(x)u(x). (16) 


The Schrédinger equation and its connection to the Brownian motion has been studied, for 
example, by Chung and Zhao [8]. Our investigation here can be seen as a special case. For example, 
analogs of Theorem 1 and Corollary 1 are known for the Schrédinger equation. However, analogs of 
the Duffin correspondence (Equation (11)) and Corollary 2 are not known even to exist. Moreover, the 
results given here cannot easily be calculated for the Schrodinger equation. The problem is that the 
prospective Radon-Nikodym derivate of the measure associated with the solutions of the Schrodinger 
equation with respect to the harmonic measure takes the form 


Zi (Diy) = E* [eg(to)|W(tp) = y], (17) 


where 
e,(t) = eo 2 Jo A(W(s)) ds 


is the Feynman—Kac functional. Thus, we see that in order to calculate the Radon—Nikodym derivative, 
we need to know the joint density of the Feynman-Kac functional and the Brownian motion when 
the Brownian motion hits the boundary 0D. If q is constant, that is, we have either the Yukawa 
equation or the Helmholtz equation, then it is enough to know the joint distribution of the hitting 
time and place of the Brownian motion on the boundary 0D. These distributions are well studied 
(see, e.g., [14,16,21-23]), but few joint distributions involving the Feynman-Kac functionals are known. 

In addition to the Yukawa equation, the other important special case of the Schrodinger 
equation (Equation (16)) is the Helmholtz equation: 


Au(x) = —Au(x), A>0. (18) 


It is possible to also provide a Duffin correspondence for the Helmholtz equation. Indeed, for 
example, setting 
ii(%) = ii(x,£) = u(x) cosh(AZ) 


provides a correspondence (see [24] for details). Thus, our results extend in a straightforward manner 
to the Helmholtz equation (Equation (18)) for domains that are small enough with respect to the 
creation parameter A that the associated Feynman-Kac functional is finite: 


EX [er] < 0. (19) 


Finally, we note that Theorem 1, Corollary 1 and Corollary 2 give three different ways to simulate 
the panharmonic measures. Indeed, in [24,25], the classical WOS algorithm given by Muller [26] was 
extended for the Yukawa PDE, and also for the Helmholtz PDE, by using the results mentioned above. 


Author Contributions: Antti Rasila was responsible for the general idea of connecting the Yukawa equation to 
the harmonic measure and the Brownian motion through the Duffin correspondence, connections to classical 
analysis and potential theory, and computer experiments with Mathematica. Tommi Sottinen was responsible for 
the proofs and methodologies making use of stochastic analysis. Much of the paper was shaped in discussions 
between the authors. 


Acknowledgments: T. Sottinen was partially funded by the Finnish Cultural Foundation (National Foundations’ 
Professor Pool). 


171 


Axioms 2018, 2, 28 


Conflicts of Interest: The authors declare no conflict of interest. 


Reference 


1. 


tol Oy COE. aac 


25s 


26. 


Bishop, C.J.; Jones, P.W. Harmonic measure and arclength. Ann. Math. 1990, 132, 511-547. [CrossRef] 
Gehring, F.W.; Hag, K. The Ubiquitous Quasidisk; No. 184.; American Mathematical Society: Providence, RI, 
USA, 2012. 

Krzyz, J.G. Quasicircles and harmonic measure. Ann. Acad. Sci. Fenn. 1987, 12, 19-24. [CrossRef] 

Garnett, J.B.; Marshall, D.E. Harmonic Measure; Cambridge University Press: Cambridge, UK, 2005. 
Harrach, B. On uniqueness in diffuse optical tomography. Inverse Probl. 2009, 25, 1-14. [CrossRef] 

Duffin, R.J. Yukawan potential theory. J. Math. Anal. Appl. 1971, 35, 105-130. [CrossRef] 

Duffin, R.J. Hilbert transforms in Yukawan potential theory. Proc. Nat. Acad. Sci. USA 1972, 69, 3677-3679. 
[CrossRef] [PubMed] 

Chung, K.L.; Zhao, Z. From Brownian Motion to Schrodinger’s Equation, 2nd ed.; Springer: Berlin/ Heidelberg, 
Germany, 2001. 

Doob, J.L. Classical Potential Theory and Its Probabilistic Counterpart; Grundlehren der Mathematischen 
Wissenschaften 262; Springer: New York, NY, USA, 1984. 

Port, S.C.; Stone, C.J. Brownian Motion and Classical Potential Theory; Academic Press: New York, NY, USA, 
1978. 

Evans, L.C. Partial Differential Equations (Graduate Studies in Mathematics), 2nd ed.; American Mathematical 
Society: Providence, RI, USA, 2010. 

Kakutani, S. On Brownian motion in n-space. Proc. Inp. Acad. 1944, 20, 648-652. [CrossRef] 

Kallenberg, O. Foundations of Modern Probability, 2nd ed.; Springer: New York, NY, USA, 2002. 

Borodin, A.; Salminen, P. Handbook of Brownian Motion—Facts and Formulae, 2nd ed.; Birkhauser: Basel, 
Switzerland, 2002. 

Durrett, R. Stochastic Calculus: A Practical Introduction; CRC Press: Boca Raton, FL, USA, 1996. 

Hsu, P. Brownian exit distribution of a ball. In Seminar on Stochastic Processes 1985; Birkhauser: Boston, MA, 
USA, 1986. 

Dahlberg, B. Estimates of harmonic measure. Arch. Rat. Mech. Anal. 1977, 65, 275-288. [CrossRef] 
Makarov, N.G. On the Distortion of Boundary Sets Under Conformal Maps. Proc. Lond. Math. Soc. 1985, 52, 
369-384. [CrossRef] 

Riesz, F.; Riesz, M. Uber die Randwerte einer analytischen Funktion. In Quatriéme Congrés des Mathématiciens 
Scandinaves; Stockholm, Sweden, 1916; pp. 27-44. 

Wendel, J.G. Hitting Spheres with Brownian Motion. Ann. Probab. 1980, 8, 164-169. [CrossRef] 

Ciesielski, Z.; Taylor, S.J. First passage times and sojourn times for Brownian motion in space and the exact 
Hausdorff measure of the sample path. Trans. Am. Math. Soc. 1962, 103, 434-450. [CrossRef] 

Kent, T. Eigenvalue expansion for diffusion hitting times. Z. Wahrscheinlichkeitstheorie Ver. Gebiete 1980, 52, 
309-319. [CrossRef] 

Lévy, P. La mesure de Hausdorff de la courbe du mouvement brownien. Giorn. Ist. Ital. Attuari 1953, 16, 
1-37. 

Yang, X.; Rasila, A.; Sottinen, T. Walk On Spheres Algorithm for Helmholtz and Yukawa Equations via 
Duffin Correspondence. Methodol. Comput. Appl. Probab. 2017, 19, 589-602. [CrossRef] 

Yang, X.; Rasila, A.; Sottinen, T. Efficient simulation of Schrodinger equation with piecewise constant positive 
potential. arXiv 2015, arXiv:1512.01306. 

Muller, M.E. Some continuous Monte Carlo methods for the Dirichlet problem. Ann. Math. Stat. 1956, 27, 
569-589. [CrossRef] 


@® © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
(c) article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http: / /creativecommons.org/licenses/by/4.0/). 


172 


| axioms (mpPr, 


Article 


Subordination Properties for Multivalent Functions 
Associated with a Generalized Fractional 
Differintegral Operator 


Hanaa M. Zayed )*, Mohamed Kamal Aouf? and Adela O. Mostafa 7 


1 
2 


Department of Mathematics, Faculty of Science, Menofia University, Shebin Elkom 32511, Egypt 
Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt; 
mkaouf@mans.edu.eg (M.K.A.); adelaeg254@yahoo.com (A.O.M.) 


* Correspondence: hanaa_zayed42@yahoo.com 


Received: 19 January 2018; Accepted: 17 April 2018; Published: 24 April 2018 


Abstract: Using of the principle of subordination, we investigate some subordination and convolution 
properties for classes of multivalent functions under certain assumptions on the parameters involved, 
which are defined by a generalized fractional differintegral operator under certain assumptions on the 
parameters involved. 
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1. Introduction and Definitions 


Denote by A(p) the class of analytic and p-valent functions of the form: 


f(z) =2P + - Aprnz?*™ (p EN = {1,2,...};2€ U={zeEC: |z| < 1}). (1) 
n=1 


For functions f,¢ analytic in U, f is subordinate to g, written f(z) < g(z) if there exists a function 
w, analytic in U with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)), z € U. If g is univalent in U, 
then (see [1,2]): 
f(z) <g(z) & f(0) = g(0) and f(U) c g(U). 


If p(z) is analytic in U and satisfies: 


H(9(z),z@"(z)) < h(z), (2) 


then 9 is a solution of (2). The univalent function q is called dominant, if g(z) ~< q(z) for all 9. 
A dominant 7 is called the best dominant, if q(z) ~ q(z) for all dominants q. 

Let 2F\(a,b;c;z) (c £0,—1,—2,...) be the well-known (Gaussian) hypergeometric function 
defined by: 


> (4)n(b)n 
F,(a,b;c¢;z) := z",zeu, 
2 1( ) XL (c)n 1 
where: 
T(A+n) 


(Ante Ta)” 


We will recall some definitions that will be used in our paper. 
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Definition 1. For f(z) € A(p), the fractional integral and fractional derivative operators of order A are defined 
by Owa [3] (see also [4]) as: 


= a, 1. fF) 
Dr f(z) := aaa Gaoprat (A>0), 


_ 1 df f© 
DIG) = aaa fh Gopi <a<1), 


where f is an analytic function in a simply-connected region of the complex z-plane containing the origin, and 
the multiplicity of (z — )*~1 ((z — £)~) is removed by requiring log(z — €) to be real when z — [ > 0. 


Definition 2. For f(z) € A(p) and in terms of 2F,, the generalized fractional integral and generalized 
fractional derivative operators defined by Srivastava et al. [5] (see also [6]) as: 


zo A-e 


nF) = Fay [e-o YO (u+A,—mait- £) de (A>0, wy ER), 


ZA-# 5 (z-E) AF (CaF (w—-AA—gl—-Ad—$) de 
t : ells ) (0<A<1), 


AM, 
as T(z) _ 
eas f(z) (nS A<n+1; nN), 


where f(z) is an analytic function in a simply-connected region of the complex z—plane containing the origin 
with the order f(z) = O(|z|*), z > 0 when e > max{0,u — 4} —1, and the multiplicity of (z — ¢)*—! 
((z — Z)~) is removed by requiring log(z — €) to be real when z — [ > 0. 


We note that: 
i =A, = AA, 
f(z) = Dz*f(z) (A > 0) and Joz’" f(z) = Di f(z) (0S A <1), 
where D;* f(z) and D} f(z) are the fractional integral and fractional derivative operators studied 


by Owa [3]. 
Goyal and Prajapat [7] (see also [8]) defined the operator: 


Xr Ay, 
Pepe) 1p F(z) OS A<q+ptl:z€U), 


hla 1 j= 


Xr AWM, 
ae ot 1g 2" f(z) (—00 <A <0; 2 EU). 


For f(z) € A(p), we have: 


seer f(z) = 2h B(L1+p1t+p+y—elt+tp—wltp+y—Asz) * f(z) 
— 2 a ee etn 4 apt 


Ei (PFT nptt—At pn 
(p € NewneRyu<ptl-w<A<yt+ptt), 


uy uy 


where 
well-known generalized hypergeometric function. 


stands for convolution of two power series, and ,F; (q <s +1; q,s © No = NU {0}) is the 
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Let: 
. + 1)n(p+1—h+M)n 
Gs Zz — 2P4 (p n ptn 
pan?) Gi -ases iia 
(p € Nop e€R p< pt; -0o<A<y+ptl). 
and: 


-1 zP 
Gul?) ms [Gh nul2)| a = z)o+P (0> =p; EU). 


Tang et al. [9] (see also [10-15]) defined the operator tem : A(p) > A(p), where: 


= (64 )n(p + 1 L)n(p ple 1)n 
HAE fle) = 245 OtP apn 
pant (2) Xu (n(pt+tDn(ptl-pt+y)n ue 


(p € N,6>-p, uy ER, p<ptl,—0o<A<y+p+l) 


It is easy to verify that: 


i 
z (Hid f(z) = (6+ PHASE (2) - SHAE LF(2), 3) 
and 
z i . Fa 
z (HAMM F(2)) = (p+q— AHA f(z) — (9 - MHAT FQ). (4) 


By using the operator am , we introduce the following class. 
Baye a W) 
Definition 3. For A, B(-1< B<A<1),f € A(p) is in the class Ty7(A, B) if 


A,6 
(Hoin pf (2)) 1+ Az 


pzP-1 1+ Bz Velen), 
which is equivalent to: 
A, 
(Hon uf (2) 4 
pol 
P : ; <1(zeU). 
peanut (2) if 
p2P? 
For convenience, we write Tana (1 = 2-1) — Te) (0 < & < p), which satisfies 
the inequality: 
Hx ! 
nf! rial) >(0<E<p). 


In this paper, we investigate some subordination and convolution properties for classes 
of multivalent functions, which are defined by a generalized fractional differintegral operator. 
The theory of subordination received great attention, particularly in many subclasses of univalent and 
multivalent functions (see, for example, [13,15-17]). 


2. Preliminaries 


To prove our main results, we shall need the following lemmas. 


Lemma 1. [18]. Let h be an analytic and convex (univalent) function in U with h(0) = 1. Additionally, let 
given by: 
(2) S14 qe" tena" +... (5) 
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be analytic in U. If: 
/ 
$(z) + a) ~ h(z) (R(o) > 0; 0 £0), 
then: > 3 
2) < plz) =22-% fee Th(eyat < n(2), 
0 

and w is the best dominant of (6). 

Denote by P(c) the class of functions ® given by: 

@(z) =1+ez+c27" +..., 

which are analytic in U and satisfy the following inequality: 


R{P(z)} >¢ (OS¢ <1). 


(6) 


(7) 


(8) 


Using the well-known growth theorem for the Carathéodory functions (cf., e.g., [19]), we may 


easily deduce the following result: 
Lemma 2. [19]. If ® € P(c). Then 


R{O(6)} 226-14 OO 


(0<¢<1). 


Lemma 3. [20]. For 0 < ¢1,¢2 < 1, 


P(¢1) * P(g2) C P(¢s) (¢3 = 1—2(1 — ¢1)(1 — ¢2)). 


The result is the best possible. 


Lemma 4. [21]. Let g be such that p(0) = 1and y(z) 4 Oand A,B EC, with A # B, |B| <1,vEC*. 


(i) If iad - 1| <1lor a + 1| <1,B £0and 9(z) satisfies: 
/ — 
1! zg’ (z) we ae 
vp(z) 14+ Bz 
then: 


p(z) ~ (1+ Bz)’(“e) 


and this is the best dominant. 
(ii) If B = 0 and |vA| < 7 and if 9 satisfies: 


zg" (z) 


+ T@@) 


<~1+ Az, 


then: 


and this is the best dominant. 
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Lemma 5. [2]. Lee Cc C,b€C,#(b) > Oandp:C?xU = C satisfy  (ix,y;z) ¢ O for all 


|b—ix|? 


X,Y S — oppy andallz € U. If p(z) =14 pizt poz? +..., is analytic in U and if: 


p (p(z),2p' (z);z) €O, 
then & {p(z)} > O0inU. 


Lemma 6. [22]. Let tp (z) be analytic in U with p(0) = 1 and (z) 4 0 for all z. If there exist two points 
24, Z2 © U such that: 


— Spr = arg{p(z1)} < arg{p(z)} < Spr = arg{p(z2)}, (9) 


for some p; and p2 (01, P2 > 0) and for all z (\z| < |Z1| = |Z2|), then: 


zy'(zi)__. (pitpr zo'(z2) _ . (pitpr 
blz, i a and p@) i ieee tc (10) 
where: 
al and a =itan (S2—EL)., (11) 
1+ \a| 02 + 01 


3. Properties Involving Hey u 


Unless otherwise mentioned, we assume throughout this paper that p € N, 6 > —p, 1,7 © Rw < 
pt+l1, -~<A<y+p+i1,-1<B<A<1, 6>0,and the powers are considered principal ones. 


Theorem 1. Let f € A(p) satisfy: 


(Hew) (Hin FQ) 14.A2 


pzP-1 | pzP-1 ~ TS Bz (7) 
Then: 
1 1 
tO) \. feet 1-Au\, \" 
PIL +p f sp, (1—Au 
pgp > (5 (281) a) et 1, (13) 
0 
The estimate in (13) is sharp. 
Proof. Let: ‘ 
Hpnnf 2) 
PATE 
zZ)= ( vat (z€U). (14) 
Then, ¢ is analytic in U. After some computations, we get: 
1,6 : A+1 ' 
6) (Hes uf@)) ar (Hy f(z)) =i) 4 Ozp'(z) 1+ Az 
pzp-l pzP-1 " 6+p °\14+Bz 
Now, by using Lemma 1, we deduce that: 
° / 
HAS (2) 2 
( PM! ) . bt pe a Ges) dt, (15) 
pzP- 6 1+ Bt 


0 
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or, equivalently, 


(HM4uf@)) ta 
Pill _ O+p pe € | ae 


part 0 y 1+ Buw(z) 
and so: , 
AS 
(HM nf) , (ote [uta las 5 (16) 
pzP-1 6 J 1— Bu 
Since: : ; 
R(xF) => (ROOD)? HEC RF ZO, 721). (17) 
The inequality (13) now follows from (16) and (17). To prove that the result is sharp, let: 
1,6 ! 
(Hesuf@)) d+p f o+p_ 4 (1+ Auz 
= / ut d (18) 
pzP- é J 1+ Buz 


Now, for f(z) defined by (18), we have: 


Ao i \b+1 : 
ij (Hinf@) 7 (Heat (z)) _1+Az 
pzP-1 pzP-! 1+ Bz 


Letting z + —1, we obtain: 


oY) I 
(Ain (z)) : d+p 
pzP-1 6 


oN 
= 
a 
° 
a=} 
ue 
a 
ee 
I} 
to} 
=/s 
ee, 
_ 
= 


which ends our proof. 


Putting 6 = 1 and using Lemma 1 for Equation (15) in Theorem 1, we obtain the following example. 
Example 1. Let the function f(z) € A(p). Then, following containment property holds, 
Trt (A,B) © Tpiiy(A, B)- 


Using (4) instead of (3) in Theorem 1, one can prove the following theorem. 


Theorem 2. Let f € A(p) satisfy 


A+1,6 ’ w) : 
pleat) | (Hef@) raz 
pzP-! pzP-1 1+ Bz 
Then: 
( A+1,6 ) r 1 ? 
Abn f(2) = 5h = . 
Ne ee ae oe) a /t2>1 (19) 
pzP- 0 : 1— Bu 
The result is sharp. 


Putting 6 = 1 in Theorem 2, we obtain the following example. 
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Example 2. Let the function f(z) € A(p). Then, following inclusion property holds 


1,6 A+1,6 
Tpit (A,B) C Toguay” (A,B). 


For a function f € A(p), the generalized Bernardi-Libera—Livingston integeral operator Fy, is 
defined by (see [23]): 


Frafz) = i 11 (pdt 


= (er + y ee) * f() (y > —p) (20) 


= Zz? 3P ees i * f(z). 


Lemma 7. If f € A(p), prove that: 
) Ad A,6 
() Api y (Fpaf) = Fra (Hyiuf) , 


(ii) 
z (HM Fra fl2)) = (p+ 1) AM fl2) — HM Fp f 2). (21) 
Proof. Since 
HY (Foaf) = bP ak(6+pptl—pp+1—A+yiptLpt1—pt+m2)] * (Forf) 


= [3h (6+p,pt+1l—ppt+1—A+nqipt+l,pt+1—p+ 4z)]* 
2? 3h (LL¢yt+tpLy+pt+lz) * f(z), 


and: 


Fray (Brus) 


2B (LLy + ply +p +1iz)* (HM ) 
= 23H(L,L7+p13¢7+p4+lz) * 
[2? 3h (S+p,ptl—-ppt+l—-At+ypt+ip+1—p+y;z) * f(z). 


Now, the first part of this lemma follows. Furthermore, 


z (Fo f(z))' = (p+) F (2) — Epa f2)- (22) 


If we replace f(z) by tee f(z) and using the first part of this lemma, we get (21) . 


Theorem 3. Suppose that p+ y > 0, f € Ty : a u(A,B) and Fy, defined by (20). Then: 


m2 H 
(HM E f(z)) 1 T 
PALES Pr. 1— Au 
> pty-l [ 2" S 
oar >| (p+y) i € = _ du) ,t>1. (23) 
The result is sharp. 
Proof. Let: ; 
(Hi Foo f2)) 
PALME Dr 
(2) = et @ € U). (24) 
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Then, ¢ is analytic in U. After some calculations, we have: 
4 1+A 
_2pl(2) 1+ Az 


a 1 "p+y  14+Bz' 


Employing the same technique that was used in proving Theorem 1, the remaining part of the 


theorem can be proven. 


Theorem 4. Let —1 < B; < Aj < 1 (i = 1,2). If each of the functions f; € A(p) satisfies: 


A, A,O+1 
Apnufi(2) gana i(Z) 4 1+ Ajz 
2P 


1-0 t= 1,2), 

(1-86) a 14 Bz (i ) 
oMeie 1,6 A,O+1 

(1 o) Henn F@) gttes me £ (2 Vg Ll 20)2 
zP zP 1-z : 
where: 
F(z) = H}4 (fi * fa) (2) 

and: 


_@ A 8 ie Ph. <4 S+p 
= (@—B,)(1—B) c p7h (1425? MY +15)), 


The result is possible when By = By = —1. 


Proof. Suppose that f; € A(p) (i = 1,2) satisfy the condition (25). Setting: 


Ab Ape 
Api filZ) giana i(Z) 


pi(Z) = al 0) (i = 12) 


we have: _ 
pi(z) € P(ci) («: = To B,’ i= 1,2) ; 


Thus, by making use of the identity (3) in (29), we get: 


o+ _ stp f% dtp _ ; 
HM yfilz) = Ear i 1°"-1y,(t)dt (i = 1,2), 
which, in view of F given by (27) and (30), yields: 


o+p =e Z poe 
A, —1 
Hid yF(2) = Par fete pat, 


where: 


+ 
zP zP 


F(z) = (1-8) 
Since p;(z) € P(c;) (i = 1,2), it follows from Lemma 3 that: 


(pi * p2)(z) € P(¢s) (¢3 = 1—2(1—¢1)(1 — ¢2)). 
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(25) 


(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 
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Now, by using (33) in (32) and then appealing to Lemma 2, we have: 


R{R)} = SP fut 99 (pr « pa)(uz)} du 


S+p pl sep 2(1 — ¢) 
> — 2¢3 —1+ ———= ]d 
6 i; a ( = 1+u|z| “ 
a ae eee 2(1 — ¢3) 
> Sah, uo (2c: 1 Tee du 
4(A 


— aes 


- - aa Pe BE 
(ore eee 


_ MAL Bi)(A2= Ba) Fy 1 on 4 54? g1)] 
1 Seay [22h (Lust +05) | =e 


When B, = By = —1, we consider the functions f;(z) € A(p) (i = 1,2), which satisfy (25), 
are defined by: 


5 o+p pz StP 4 (1+ Ait 
A,6 _ O+p -p- =I ee 
Ene gli) = ee a [ t@ (*) dt (i = 1,2). 


Thus, it follows from (32) that: 


F(z) = se [iyo E (1+ A1)(1+ Az) 4 


(1+ Ai)(1+ “)) " 
0 


(1 — uz) 


=1-—(1+Ai)(1+ Ap) 


(1+ A1)(1+ A2)(1—z)71 2 (11:98 +145) 


1 1 
>1 (1 A,)(1 Az) 5 (1 t A;)(1 t Az) 2F, Ge ae t 15 as Z —> 1, 


which evidently ends the proof. 


Theorem 5. Let v € C*, and let A, B € C with A ¥ Band |B| < 1. Suppose that: 


ita Ie _ 1| < lor 


rrp A-B) + 4| <1  ifB#0, 
lv(S-+ p)A| <7 pet 


If f € A(p) with Hy4 f(z) #0 for all z € U* = U\{0}, then: 


Hyati f(z) 1+Az 


Wi) , 
ae) 1+ Bz 


de) 
(B®) a0, 


(1 + Bz te)4-8)/8 if B £0, 
q(z) = ev(d+p)Az if B=0, 


implies: 


where: 


is the best dominant. 


Proof. Putting: 


ate) = (“s 2) (z€U). (34) 
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Then, A is analytic in U, A(0) = 1 and A(z) £ 0 for all z € U. Taking the logarithmic derivatives 
on both sides of (34) and using (3), we have: 


_ 202) _ Hema f(2) | 1+Az 


v(d + p)A(z) Be te 14+ Bz 


Now, the assertions of Theorem 5 follow by Lemma 4. 


Theorem 6. LetO0 <a <1, ¢ >1.If f(z) € A(p) satisfies: 


(ener) (HRA) 


a 7 r | <% (35) 
(Hpi f@) — (Hbtaf@)) 
then: foam 
HY: 
R ( eae! ©) <p, 
pat (2) 
where B € (1,00) is the positive root of the equation: 
2(5+p+«a) p? — (20 (6+ p+1)—(1—4)|B—-(1—«) =0. (36) 
Proof. Let: ee 
Apu f(Z) | 
HAS f(a) = B + (1— 8B) 9(z). (37) 


Then, @ is analytic in U, y(0) = 1 and ¢g(z) £0 forall z € U. Taking the logarithmic derivatives 
on both sides of (37) and using the identity (3), we have: 


(Hrs) |, a= pee" 
(HE wf). B+ (1—B) 9(2)’ 


and so: 
cna (Heme) (Heat) aa) (+ p)8 
(HI i@) (EA r@) oe 
Q-p)le+G-a) +P,  -a)-p) ny, 
, 5 p4tl 9) + BIA Beelotpriy? © 
Let: 
Sie a -l= G+ pe , Us) et a) erp)| 
Y(r,s;z) = aB4 Fees Aaa r 
Gas) 
[B+ (1—B) p(z)] (6+pt+1)’ 
and: 


O={weC: Rw) <C}. 
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Then, for x,y < — eed we have: 
(1—a) (6+p)B (1 —«) (1-8) By 
RLY (ix, y; = u 
(l—a)(o+p)B  (—a#) (1-8) _ 
= 4p d+ptl 2B tptl 


where f is the positive root of Equation (36). Suppose that: 


R(B) =2(5+p +a) 6 — [2¢ (+p +1) —(1—a)|B—(1—a) =0. 


For 6 = 0, R(O) = —(1-—a) < Oand for B = 1, R(1) = 2(64+ p) (1-2) + 2(a—@) < 0. 
This proves that B € (1,00) . Thus, for z € U, ¥ (ix,y;z) ¢ O, and so, we obtain the required result by 
an application of Lemma 5. 


Theorem 7. Suppose that 0 < €1,€2 < 1.1: 


lene (OBEN 


7 
— x81 < arg (1-6) al = < 582 (38) 
P P 
then: 
Hyiuf2)) 
7 ( PLE 7 
~ 7o1 < arg ar < 5$2, (39) 
where: 
= 2 (G1 +2) 01 — |a| 7 2 (€1 +22)01—|al 
c= fi + arctan (Sree) T+ al , €2 ¢2 + — arctan DB@4e) 1 Fla) (40) 
Proof. Let: : 
Henuf (2) 
(2) = ( sj (2€U). 
p2P 
Then, from Theorem 1, we have: 
W) : A,b-+1 ! 
(1-6) (Hef) Cie f(z)) 7 _ 6zq! (z) 
ert pzP-1 "S+p 


Let U(z) be the function that maps U onto the domain: 


a a 
{w EC: —5F1 < arg(w) < seo}, 


with U(0) = 1, then: 


0z9" (z) 
o2)+ SE <Ule), 
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Assume that z1,2Z2 are two points in U such that the condition (9) is satisfied, then by Lemma 6, 


we obtain (10) under the constraint (11). Therefore, 


and: 


which contradicts the assumption (38). This evidently completes the proof of Theorem 7. 


arg [(6 + p) (21) + Ozg'(z1)]) = arg p(z1) e+») ror) 
= arg$(z1) +arg (6 + p)4 pe 
= —Foitarg le +7) io | 
= — 561 — arctan Levitaenra 


arg [(5 + p) p(z2) + 0229" (z2)] = 562 + arctan ee = A ; 


2(6+p) 1+ |a| 
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Abstract: In this paper, using an infinite matrix of complex numbers, a modulus function and a 
lacunary sequence, we generalize the concept of Z-statistical convergence, which is a recently 
introduced summability method. The names of our new methods are A? -lacunary statistical 
convergence and strongly AL -lacunary convergence with respect to a sequence of modulus functions. 
These spaces are denoted by a (Z,F) and Ne (Z, F) , respectively. We give some inclusion relations 
between $4 (Z,F), ss (Z,F) and Ni (Z, F). We also investigate Ceséro summability for A’ and we 
obtain some basic results between A’ -Cesdro summability, strongly A’ -Cesaro summability and the 
spaces mentioned above. 


Keywords: lacunary sequence; statistical convergence; ideal convergence; modulus function; 
T-statistical convergence 
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1. Introduction 


As is known, convergence is one of the most important notions in mathematics. Statistical 
convergence extends the notion. After giving the definition of statistical convergence, we can easily 
show that any convergent sequence is statistically convergent, but not conversely. Let E be a subset 


of N, and the set of all natural numbers d(E) := lim i 3 XE(j) is said to be a natural density of E 
noo j=l 


whenever the limit exists. Here, 7 is the characteristic function of E. 

In 1935, statistical convergence was given by Zygmund in the first edition of his monograph [1]. 
It was formally introduced by Fast [2], Fridy [3], Salat [4], Steinhaus [5] and later was reintroduced by 
Schoenberg [6]. It has become an active research area in recent years. This concept has applications in 
different fields of mathematics such as number theory [7], measure theory [8], trigonometric series [1], 
summability theory [9], etc. 

Following this very important definition, the concept of lacunary statistical convergence was 
defined by Fridy and Orhan [10]. In addition, Fridy and Orhan gave the relationships between the 
lacunary statistical convergence and the Cesaro summability. Freedman and Sember [9] established 
the connection between the strongly Cesaro summable sequences space |7;| and the strongly lacunary 
summable sequence space Ng. 

Z-convergence has emerged as a generalized form of many types of convergences. This means 
that, if we choose different ideals, we will have different convergences. Koystro et al. [11] introduced 
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this concept in a metric space. Also, Das et al. [12], Koystro et al. [13], Savas and Das [14] studied ideal 
convergence. We will explain this situation with two examples later. Before defining Z-convergence, 
the definitions of ideal and filter will be needed. 

An ideal is a family of sets Z C 2N such that (i) © € T, (ii) A,B € Z implies AU B € T, (iii), and, 
for each A € Z, each B C A implies B € Z. An ideal is called non-trivial if N ¢ Z and a non-trivial 
ideal is called admissible if {n} € Z for eachn € N. 

A filter is a family of sets F C 2N such that (i) © ¢ F, (ii) A,B € F implies ANB € F, (iii) For 
each A € F, each A C B implies B € F. 

If Z is an ideal in N, then the collection 


F(Z) ={ACN:N\A€eT} 


forms a filter in N that is called the filter associated with Z. 

The notion of a modulus function was introduced by Nakano [15]. We recall that a modulus f is a 
function from [0, 02) to [0,co) such that (i) f (x) = 0 if and only if x = 0; (ii) f (x+y) = f (x) +f (y) 
for x, y > 0; (iii) f is increasing; and (iv) f is continuous from the right at 0. It follows that f must be 
continuous on [0,00) . Connor [16], Bilgin [17], Maddox [18], Kolk [19], Pehlivan and Fisher [20] and 
Ruckle [21] have used a modulus function to construct sequence spaces. Now, let S be the space of 
sequences of modulus functions F = (f;) such that lim, _,9+ sup, f; (x) = 0. Throughout this paper, 
the set of all modulus functions determined by F is denoted by F = (f,) € S for every k € N. 

In this paper, we aim to unify these approaches and use ideals to introduce the notion of 
At -lacunary statistically convergence with respect to a sequence of modulus functions. 


2. Definitions and Notations 
First, we recall some of the basic concepts that will be used in this paper. 
Let A = (a,;) be an infinite matrix of complex numbers. We write Ax = (Ax (x)), 
foe) 
if Ax (x) = Yo agix~ converges for each k. 
i=1 


Definition 1. A number sequence x = (xx) is said to be statistically convergent to the number L if for every 
e>0, 


eee | 
Jim tk sm: [xe L| > e}| =0. 


In this case, we write st — lim x; = L. As we said before, statistical convergence is a natural generalization of 
ordinary convergence i.e., if lim x, = L, then st — lim x; = L (Fast, [2] ). 


By a lacunary sequence, we mean an increasing integer sequence 6 = {k,} such that kg = 0 and 
hy = ky — ky. > co. as r — ov. Throughout this paper, the intervals determined by @ will be denoted 
by Ir = (ky-1, ky]. 


Definition 2. A sequence x = (x;) is said to be lacunary statistically convergent to the number L if, for every 
e>O0, 


nin tb 
tim 7 tke I, : |x, —L| > e}| =0. 
In this case, we write Sg — lim xz = L or x, — L(Sg) (Fridy and Orhan, [10] ). 


Definition 3. The sequence space No is defined by 


(Fridy and Orhan, [10] ). 
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Definition 4. Let Z c 2 bea proper admissible ideal in N. The sequence (xn) of elements of R is said to be 
Z-convergent to L € R if, for each e > 0, the set 
A(e)={n EN: |xn-Ll > eh eT 
(Kostyrko et al. [11] ). 


Example 1. Define the set of all finite subsets of N by Z¢ . Then, Ty is a non-trivial admissible ideal and 
Tf-convergence coincides with the usual convergence. 


Example 2. Define the set Ty by Ij = {ACN:d(A) =0}. Then, Ty is an admissible ideal and 
TLy-convergence gives the statistical convergence. 


Following the line of Savas et al. [22], some authors obtained more general results about 
statistical convergence by using A matrix and they called this new method A#-statistical convergence 
(see, e.g., [17,23]). 


Definition 5. Let A = (a,;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. A sequence x = (xx) is said to be A*-statistically convergent to L € X with respect to a sequence 
of modulus functions, for each e > 0, for everyx € X andd > 0, 


{ne Ns tik ms fi(lAe(s) -Ll) >> ob ez 


In this case, we write x, —> L (S4 (Z,F)) (Yamanccet al. [23]). 


3. Inclusions between S4 (Z, F) ,S4 (Z, F) and Nf (Z, F) Spaces 
We now consider our main results. We begin with the following definitions. 
Definition 6. Let A = (a,;) be an infinite matrix of complex numbers, 0 = {k,} be a lacunary sequence and 


F = (fx) be a sequence of modulus functions in S. A sequence x = (x) is said to be A*-lacunary statistically 
convergent to L € X with respect to a sequence of modulus functions, for each e > 0, for each x € X and 6 > 0, 


{reEN: RHEE Ir: fi(lAc(x) —L)) >} | 6h eZ. 


Definition 7. Let A = (a,;) be an infinite matrix of complex numbers, 0 = {k;} be a lacunary sequence and 
F = (fx) be a sequence of modulus functions in S. A sequence x = (xx) is said to be strongly A*-lacunary 
convergent to L € X with respect to a sequence of modulus functions, if, for each e > 0, for each x € X, 


fren: fT filets) th >a} ex 


’ kel, 


We shall denote by Sf (Z,F), Ne (Z, F) the collections of all A?-lacunary statistically convergent 
and strongly A? -lacunary convergent sequences, respectively. 


Theorem 1. Let A = (a,;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. (S (Z, F)) Mm (X) is a closed subset of m (X) if X is a Banach space where m(X) is the space 
of all bounded sequences of X. 


Proof. Suppose that (x”) Cc (S¢‘(Z,F)) A m(X) is a convergent sequence and it converges to 
x € m(X). We need to show that x € (Sf! (Z, F)) Mm (X). Assume that x” — Ly (Sf! (Z,F)), Vn EN. 
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Take a sequence {é,},,cy of strictly decreasing positive numbers converging to zero. We can find an 
r € Nsuch that ||x — x/||., < $ for all j > r. Choose 0 < 6 < - 
Now, 


A={renie 
hy, 


é 
{ke te: fi(lAe(") — Lal) > Fh] <oh er @ 
and 7 
_ ee ‘ nt+1\ _ er 
B= frenep {ke tr: fi(lae(# ) nul) > F}| <sheF@). 
Since AN B € F (Z) and © ¢ F (Z), we can choose r € AM B. Then, 


we {Re te fe (lc (2") — Lal) = EV fe (lc (x"*) ~Lngal) > Sh] <25<1, 


Since hy + co and AMB € F (TZ) is infinite, we can actually choose the above r so that 
hy > 5. Hence, there must exist a k € I, for which we have simultaneously, |x; — Lal < + and 


a = bar < t. 
Then, it follows that 


[Ln — Last! < |Ln XE xe Xp | t a En| 
< [xf —Ln| + [xttt Lag] + lle 2%lleo + [lt - 2", 
S 4f¢7+277 =: 


This implies that {Ln},,c\ is a Cauchy sequence in X. Since X is a Banach space, we can write 
L, + L € Xasn - o. We shall prove that x, — L (S{! (Z, F)). Choose ¢ > 0 and r € N such that 
Er < ¥,||X — Xn|lo < 4 Now, since 


mk € Ip: fe (An(x) — LI) > ¢}| 


< Fy tk © Tr: fie (IA (% — Xn) |) + fie (JAR (2") — Lnl) + fie ([En — LI) = €}| 


IA 


fy (K€ Ir: fe (JAn(2") — Lnl) = 5}]- 


It follows that 


{rEN: gb |{k € Ir: fe (I(x) — LI) > &}] > oh 


c{reN: b {ke hr: fi (lAe(x) — LI) = §}] > 5} 


for given 6 > 0. This shows that x, > L (a. (Z,F)) and this completes the proof of the theorem. 


Theorem 2. Let A = (a,;) be an infinite matrix of complex numbers, 0 = {k,} be a lacunary sequence and 
(fx) be a sequence of modulus functions in S. Then, we have 


(i) If x + L (Nf (Z,F)) , then x, —> L (4 (Z,F)) and Nf (Z,F) C Sé (Z,F) is proper for every ideal T; 
(ii) If x € m(X), the space of all bounded sequences of X and x, —>+ L(S¢(Z,F)), then x, > 
L (N@ (Z,F)) ; 
(iii) Sf (Z,F)m(X) = Nf (Z,F)Nm(X). 
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Proof. (i) Let e > 0 and x, — L (Nf (Z, F)). Then, we can write 


X fe (lAx(x) LI) 2 Efe (|Ae(x) - LI) 
kel, kel, 
fx (|An(x)-L])2e 


IV 


e|{k € Ir: fe (/Ak(x) — LI) 2 e}I. 


Thus, for given 6 > 0, 


a {K€ Ie: fe ([Ax(x) — LI) > €}| > 5 => 7 fi (\An(e) — LI) > 06, 
ig T kel 


Le., 


fren: either: flav) up > a>} c fren: tT plane) —up >a}. 


Y kel, 
Since x, > L (Nf (Z,EF Ve the set on the right-hand side belongs to Z and so it follows that 
x4 > L (Sé (Z,F)). 
To show that (S/! (Z,F)) & (Nj! (Z,F)), take a fixed K € T. Define x = (xx) by 
ku, forky1<k<kj1+[Vhy|,7=1,2,3..,7 € K, 


(xe) = 4 ku, forkp1<k<kp1+ [Vk] ,7=1,2,3..,7 € K, 
6, otherwise, 


where u € X is a fixed element with ||1|| = 1 and @ is the null element of X. Then, x ¢ m (X) and for 
every 0 < ¢ < 1 since 


7, lke I: fy (JAg(x) — 0]) > ef | = [Vvir]} aa 


Asr-— coandr ¢ K, for every 6 > 0, 


{" EN: oa {k € I: fe (JAg(x) —0|) > ef | > sh Cc MU {1,2,...,m} 


for some m € N. Since T is admissible, it follows that x, > 0 (Se (Z, F)). Obviously, 


> YF (\Ak(x) ~ 4) + 00, 


kel, 


ie., x + 0 (Nj! (Z,F)). Note that, if K € T is finite, then x, + 0 (Se): This example shows that 
AL -lacunary statistical convergence is more general than lacunary statistical convergence. 
(ii) Suppose that x € Io and xz —> L (S¢ (Z, F)). Then, we can assume that 


fi (IAk(x) — LI) < M 


for each x € X and all k. 
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Given ¢ > 0, we get 


i 1 
iy Pel —E) = GE fallAn(e) — 2) 
r kel, if kel, 
pa 
+e fe (JAk() — LI) 
r kel 
fr (|Agx—L|)<e 


= wa I{k I: fe (JAx(x) — L]) > e}| +e. 
Note that 
1 € 
A(e) = {reN: ‘nee I: fy (JAg(x) — L]) > e}| > ai eT. 


Ifn € (A (e))°, then 
ape Srl Ag(x —L| < 26; 
kel, 


Hence, 


( EN: is Fela x)-L|> at Cc A(e) 


and thus belongs to Z. This shows that x, — L (Nj! (Z,F)) . 
(iii) This is an immediate consequence of (i) and (ii). 


Theorem 3. Let A = (a;;) be an infinite matrix of complex numbers and (f;,) be a sequence of modulus 
functions in S. If 0 = {k,} is a lacunary sequence with lim inf, q, > 1, then 


xt > L (s4 (Z,F)) > %9L (s¢ (Z,F)) 


Proof. Suppose first that liminf, q, > 1, then there exists 6 > 0 such that q, > 1+ 6 for sufficiently 
large r, which implies that 
hy, } 
Sa 
ky ~ 14+6 
If x, > L (Se (Z,F )) , then for every ¢ > 0, for each x € X and for sufficiently large r, we have 


IV 


pMK S ke fa (WAe() — LI) > plese near wbee 


IV 


Then, for any 6 > 0, we get 


{rEN: pb |{k € Ir: fe (|Ax(x) — Ll) > €}| > oh 


C {rE NP M{k <hr: fy (IAx(2) - LI) 2 bez 


on 
(a+1) 


This completes the proof. 


For the next result, we assume that the lacunary sequence @ satisfies the condition that, for any set 
Ce F(Z),U{nik1<n<k,rEeC}e F(Z). 
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Theorem 4. Let A = (a;;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. If 0 = {k,} is a lacunary sequence with lim sup, qr < 00, then 


ep SL (s¢ (Z,F)) implies xp —> L (34 (Z, F)) 
Proof. If limsup,q; < ©, then, without any loss of generality, we can assume that there exists a 


0 < M < cosuch that q, < M for all r > 1. Suppose that x, > L (se (Z,F)), and for e, 5, 6; > 0 define 
the sets 


C= fr ENs FIRE hr fe(lAu(x) — Ll) > eh] <0} 


T= {nes = |(e <n: fi(lAue) LU) > e}1 <a}. 


It is obvious from our assumption that C € F(Z), the filter associated with the ideal 7. 
Further observe that i 
Kj = i, |{k © Tj: fe (\Ax(x) —L]) > e}| <6 
for all j € C. Let n € N be such that k,_1 <n < k; for some r € C. Now, 


= [{k<m: filAg (x) —L| > 6} < BoM S hr fi (LARC) - EI) > 
= lltke fella) E> 0 


+ {|{k € In: fr (JAgx — L|) > e}|} 
r—-1 


tock {Ih € Hr ful Ae(2) — Ll > e}1} 


k, 1 
= ae MRE Wt fil Ae(x) — L| > e} 
r—1 "1 
ky —ky 1 
+2 = ike Ip: fe (|Ag(x) — LI) > e}| 
ky-1 hy 
ky —k,_1 1 
wb EE [fk € Ty: fi (|Ae(x) — LI) = €}| 
ky-4 hy 
ky kop — ky ky — ky4 
= ka Ko+...4 K, 
kyp-4 : kyp-1 : Kya 


IA 


{supjec Kj} a < Mo. 


Choosing 6; = - and in view of the fact that U {n :k,_1 <n <k,, r€ C} C TwhereC € F(Z), 
it follows from our assumption on @ that the set T also belongs to ¥ (Z) and this completes the proof 
of the theorem. 


Combining Theorems 3 and 4, we get the following theorem. 
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Theorem 5. Let A = (a;;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. If 0 = {k;} is a lacunary sequence with 1 < liminf, q, < limsup, q, < 0, then 


xy 9 L (s¢ (Z,F)) =% 31 (s¢ (Z,F)) , 


4. Cesaro Summability for At 


Definition 8. Let A = (a,;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. A sequence x = (xx) is said to be At-Cesaro summable to L if, for each e > 0 and for each 


xeEX, 
eh ex 


Definition 9. Let A = (a,;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. A sequence x = (xx) is said to be strongly A*-Cesaro summable to L if, for each e > 0 and for 
each x € X, 


{en | 7S fala) 2 
k=] 


In this case, we write x, > L ((ou)e (Z,F)) : 


{wens 5 F se(lae(a) Lp 2h ET. 
k=] 


In this case, we write x, 4 L (louls (ZF). 
Theorem 6. Let @ be a lacunary sequence. If lim inf; q; > 1, then 
x > L (Iold (Z,F)) > %9L (ng! (Z,F)) , 


Proof. If liminf, q; > 1, then there exists 6 > 0 such that q; > 1+ 6 forall r > 1. Since h, = k,; — k,—1, 


we have bs < pe and hd 
hy, ry hy, 


< . Let ¢ > 0 and define the set 


ky 
s= {hen 2 Fh lan(n)—u) <el. 
v k=1 


We can easily say that S € F(Z), which is a filter of the ideal Z, 


T 
> 


r kya 
a fe (WAn(x) — LI) — 2 © fe (Ak (x) — Ll) 
k=1 k=1 


mL fe (|Ax (x) — LI) 
kel, 


ky red 
= Ht Bs fi (An (8) — LI) — tmty Efe An (x) ~ ED) 


1+6 1 
< Ste i eel 
< (GF )e te 


1+6 1 
for each k, € S. Choose 7 = (+) é— 5° . Therefore, 


{ren ~ Yo fe (|Ax (x) — LI) <a € F(Z), 


kel, 


and it completes the proof. 
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Theorem 7. Let A = (a;;) be an infinite matrix of complex numbers and (f,) be a sequence of modulus 
functions in S. If (xg) € m (X) and xp > L (SA (Z,F)), then xp + L (Cr (Z, A), 


Proof. Suppose that (xz) € m(X) and x, — L (S/ (Z, F)). Then, we can assume that 
Fie (Ax — L]) < M 


for all k € N. In addition, for each ¢e > 0, we can write 


Tia @=0) S25 i hee@—a)) 
N k=1 N k=1 


n 
< tS fellae()—N 
k=1 
Fx (Ag (2) -L|)2 5 
n 
ar & fx [Ax (x) — L]) 
fy (IAg(2)-LI) <§ 
1 
< MAI{k <n: fy(\Ae(x) LI) >} +6 


Consequently, if d > ¢ > 0, 6 and ¢ are independent, and, putting 6; = 6 — e > 0, we have 


C {me Ni fk <n: fy (lAe(x) LI) > eh > Hh eT. 


This shows that x, > L (Coie (Z,F)). 


Theorem 8. Let @ be a lacunary sequence. If limsup, q; < 00, then 
xp > L (nf (Z,F)) => x3 L (lolé (Z,F)) ; 


Proof. If limsup,q, < oo, then there exists M > 0 such that gq, < M forallr > 1. Let x% — 
L (N} (Z, F)) and define the sets T and R such that 


r= {ren Dilan) <al 
’ kel 
R= {wens 2 fllae(a)—L) <a}. 
k=1 
Let 


Aj = Ty Oo fe (JAk (x) — LI) <1 
kel; 
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for all j € T. It is obvious that T € F(Z). Choose n as being any integer with k,_1 <n < k;, where 
reT, 


1 fellAe(s)-LI) < (|x (x) LI) 
= ES ( Y fe (Ak (x) - Ll) + LO fe (lAk (x) — LI) 
kel, kel 
tet DS fe llAg @) - 1) 
kel, 
ar (2 L fk (Ax (x) u)) \ eo (2 y fellAv(s) 1) 
keh keh 
ae same (: L fk (JAk (x) — u)) 
kely 
= AA 4 fa “Ay 4 ae Mtl A, 
< (supjer 4)) AS 
< eM. 


Choose €2 = 4} and in view of the fact that U {n : k,_1 <n <k,,r © T} C R, where T € F(Z), 
it follows from our assumption on @ that the set R also belongs to ¥(Z) and this completes the proof 
of the theorem. 


Theorem 9. If x; —> L (|o1|4 (Z,F)) , then xp > L(S4 (Z,F)). 


Proof. Let x, — L (|oi|# (Z, F)) and e > 0 is given. Then, 


Fie(Agx—Ll) 2e 


E flldc(s)-LI) > L fall (e)- LN) 


IV 


el{k <n: fx (\Ax (x) — LI) 2 &}I 
and so : ; 
op De felAr (2) — ED) = HRS m: f(lAe @) ~ LD) 2 4 


Thus, for a given 6 > 0, 


{neNsZ|{k Sm: fe(lAn(x) —Ll) > e}1 > oh 


c {wens = B fa (lAx (3) — Ll) > 08} eZ. 
" k=1 


Therefore, x, —> L (S4 (Z,F)). 
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Theorem 10. Let (x,) € m(X). If xz, > L (S4 (Z,F)) . Then, x, + L (\ou|4 (Z, F)). 


Proof. Suppose that (x,) is bounded and x, — L (s4 (25) \ Then, there is an M such that 
fr (JAx (x) — L|) < M for all k. Given ¢ > 0, we have 


7 E fellAes)-L) = = E fellAe(x) LN) 
k=1 k=1 
Fx (lAg(x) Ll) 2e 
+E felle(e)-L) 
fel |Ag(2)-LI) <e 
< M|{k <n: fe(lAe(x) — Ll) > 4} 
+2el{k Sm: fe (Ae (2) — EI) <6} 
<A tk <m: fe(lAe (2) - LI) 2 el +e. 


Then, for any 6 > 0, 


{neNes ¥ fi(lAe(x)- Ll) > 5} 


C {mens Elks: fellAe(2)—L) 2312 sp} €F. 


Therefore, x, — L (|o1|! (Z,F)) . 


5. Conclusions 


T-statistical convergence gained a different perspective after identification of the At-statistical 
convergence with an infinite matrix of complex numbers. Some authors have studied this new method 
with different sequences. Our results in this paper were developed with lacunary sequences. By also 
using a modulus function, we obtain more interesting and general results. These definitions can be 
adapted to many different concepts such as random variables in order to have different results. 
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Abstract: In this paper, by applying umbral calculus methods to generating functions for the 
combinatorial numbers and the Apostol type polynomials and numbers of order k, we derive some 
identities and relations including the combinatorial numbers, the Apostol-Bernoulli polynomials and 
numbers of order k and the Apostol-Euler polynomials and numbers of order k. Moreover, by using 
p-adic integral technique, we also derive some combinatorial sums including the Bernoulli numbers, 
the Euler numbers, the Apostol-Euler numbers and the numbers y; (1,k; A). Finally, we make some 
remarks and observations regarding these identities and relations. 
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1. Introduction 


In order to give the results presented in this paper, we use two techniques which are p-adic 
integral technique and the umbral calculus technique. In [1-5], we constructed generating functions 
for families of combinatorial numbers which are used in counting techniques and problems and also 
computing negative order of the first and the second kind Euler numbers and other combinatorial 
sums. In this paper, by applying umbral algebra and umbral analysis methods and their operators to 
generating functions of the combinatorial numbers and the Apostol type polynomials and numbers, 
we give many identities and relations including the Fibonacci numbers, the combinatorial numbers, 
the Apostol-Bernoulli polynomials and numbers of higher order and the Apostol-Euler polynomials 
and numbers of higher order. 

Throughout this paper, we use the following notations, definitions and relations. 

Here and in the following, let C, R, Z, and N be the sets of complex numbers, real numbers, 
integers, and positive integers, respectively, and let No : = NU {0}. We assume 0? =1. 

Moreover, throughout this paper, log z is tacitly assumed to denote the principal branch of the 
many-valued function log z with the imaginary part (log z) constrained by 


—7m < Im(logz) < z 


(cf. [6-9]). 
The Apostol-Bernoulli polynomials pW (x,A) of order k are defined by 
t k od (k) rau 
: = a che 
Fs (uk) = (sag) = EBM eA (1) 
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where : is an arbitrary (real or complex) parameter and x € R, and |f| < 27 when A = 1 and 
|t| < ied when A 4 1. Moreover, Bi A A) := B*)(0,a) denote the Apostol-Bernoulli numbers of 

a r= Bi 4 1) denote the Bernoulli numbers of order k and also By, := BW) 
numbers (cf. see,for details, [6,8-14], and the references cited therein). 


The Apostol-Euler polynomials Ef) (x,A) of order k are defined by 


order. P denote the Bernoulli 


Bib eih=(—2= ‘fiz ¥ EM (x,a)e (2) 
c y y ¥ Aet + 1 = n J nl!’ 


where A is an arbitrary (real or complex) parameter and x € R, and |t| < 2 when A = 1 and 


\t| < ingeal I when A # 1. Moreover, et a A) := Es) (0,A) denote the Apostol-Euler numbers of order 


k. ES — fase (1) denote the Euler numbers of order k and also E, := rg denote the Euler numbers 
(cf. see, for details, [6,8-15], and the references cited therein). 
The A-array polynomials S (x; A) are defined by 


t 4)? 
Fo(t,x,0;A) = Me 1) e 


lec) t® 
= Yh (x4) ai (3) 
n=0 . 
where v € Ng and A € C (cf. [16]). Furthermore, 
Sp (n,v;A) := SH (0;A) 


where, as usual, S2 (n,v;A) denote the A-Stirling numbers (cf. [8,12]). Substituting A = 1 into (3), 
we have the array polynomials: 
Sh (x) := Sh (x;1) 


(cf. [16-18] and (Theorem 2 [19])). 
In (cf. Equation (8) [1]), we defined the combinatorial numbers y; (n,k;A) by means of the 
following generating function: 


1 ko in 
Fy (LA) = @ (Ae +1) = Lin (ka) (4) 
. n=0 . 
where k € Ng and A € C. 
By using (4), we have 
Tf BV o3 
Te eg Oe ee ic (5) 
LI 


where 1 € No (cf. Equation (9) [1]). 
Relationships between the A-array polynomials S$? (x;A) and the numbers yj (n,k;A) and the 
Stirling numbers of the second kind $5(n,k) are given below, respectively: 


Sz (0;A) = So (n,v;A) = (-1)' 1 (n,k; —A) 


and 
So(n,k) = (—1)* yy (1,k; -1) (6) 


(cf. [1,17,20-25]). 
The Fibonacci numbers F; are defined by the following generating function 


= = Dre 
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(cf. (p. 229. [26])). We need the following well-known formulas for the Fibonacci numbers. Let 
A= eae and 6 = ig Let j € N, we have 


M = AF +54 (7) 


and 


pi = BR +F 
(cf. (p. 78, Lemma 5.1. [26])). Using the above identities, one easily derives the following 
Binet’s formula: 


Substituting —n with n € N, into the above equation, we easily have 
Fu, = (=17"£, 
(cf. (p. 84 [26])). 


1.1. p-Adic Integrals 


In the last section, we will give some combinatorial sums with p-adic integrals technique. Hence, 
let us give definitions of these integrals and a few properties of them. 

Let f(x) € Cl(Zp — Kk), a set of continuous derivative functions, and K is a field with a 
complete valuation. 

The Volkenborn integral (the bosonic p-adic integral) is defined by 


Pp Ny 
[, feddin(x) = Jim ae x fe (8) 
iP 
where #11 (x) = py (x + pNZ,) is the Haar distribution on Zp: 


My (x+ pXZp) = ow 


(cf. [27,28]). On the other hand, the p-adic fermionic integral is defined by 


sis 
[fe dpa (x) = Jim YY (-1)* fe) 0) 
°° x=0 
where (1) 
pa (x) = wa (x4 pNZy) = Sy 
(cf. [29]). 


The Bernoulli numbers and the Euler numbers are related to the following p-adic integrals 
representations, respectively, 


i= f x"duy (x), (10) 
Zp 
(cf. [27,28]) and 
— [ede (x), (11) 
Zp 


(cf. [27]). 
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1.2. Umbral Algebra and Calculus 


Throughout this section, we use the notations and definitions of the Roman’s book (cf. [13]). Let 
P = C [x] be the algebra of polynomials in the single variable x over the field of complex numbers. Let 
P* be the vector space of all linear functionals on P. Let (L | p(x)) be the action of a linear functional L 
ona polynomial p(x). Let F denote the algebra of formal power series 


fo) tk 
f (t) = es a, KV’ 
k=0 ™ 
(cf. [13]). Furthermore, for all n € No, one has 


(f (t) | x") = an (12) 


and also 
(F(t)g(t) | p (x)) = FC) | g(t) (x), (13) 


where f(t), g(t) are in F (cf. [13]). 
For p (x) € P, asa linear functional, we have 


(eM | p(x)) =py)- (14) 


and as a linear operator, we have 


eM'y (x) = p(x+y) (15) 


(cf. [13]). The Sheffer polynomials for pair (g(t), f(f)), where g(t) must be invertible and f(t) must be 
delta series. The Sheffer polynomials for pair (g(t), t) is the Appell polynomials or Appell sequences 
for g(t). The Appell polynomials are defined by means of the following generating function 


~ Sk (x) k 1 x 
Roe a9 


(cf. [13]). Some properties of the Appell polynomials are given as follows. 

sult) Solty x", (17) 
(p. 86, Theorem 2.5.5 [13]), derivative formula 

fSy (X) = NSy—1 (x) (18) 


(cf. p. 86, Theorem 2.5.6 [13]); and see also [6,30,31]). 

We summarize the results presented in this paper as follows: 

In Section 2, by applying the umbral algebra and umbral calculus methods to generating functions 
of the special numbers and polynomials, we derive some identities and relations including the 
numbers y; (1,k; A), combinatorial sums, the Fibonacci numbers, Apostol-Bernoulli type numbers and 
polynomials, and the Apostol-Euler type numbers and polynomials. Finally, we give some remarks 
and observations. 

In Section 3, by using the p-adic integrals, we give many combinatorial sums related to the 
Bernoulli numbers, the Euler numbers, the Apostol-Euler numbers and the numbers y; (1,k; A). 


2. Identities Including the Numbers y; (n, k; A), Combinatorial Sums, and Apostol-Euler Type 
Numbers and Polynomials 


In this section, by using the umbral algebra and umbral calculus methods, we derive many 
identities and relations containing the numbers y; (n,k;A), combinatorial sums, the Fibonacci 
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numbers, Apostol-Bernoulli type numbers and polynomials, and the Apostol-Euler type numbers 


and polynomials. 
k m k 
k m 3 1 
ah( 5 )¥E( 7)» med ig ee: Ae ja (x+j)” 
j= v= j=0 


m k 
ee y1 (0, KA) aE (| vena (19) 


Theorem 1. 


or 


Proof. By applying linear operators in (15) and (18) to (4), respectively, we obtain 


1 
a (Ae! ia mma) Jaren (20) 
and 
a (Ae! +1)'x a ae n,k; Ai ae me (21) 
n=0 
0, n>m 
_ yi (1,k;A), n=m 
le (my xin 
> yi (v,k;A) n<m. 


v=0 


Combining (20) with (21), we get the desired results. 


Remark 1. Substituting x = 0 into (19), we arrive at (5). 


By applying the action of a linear operator (Ae’ + 1) to the Apostol-Euler polynomial Ef?) (x,A), 
we obtain the following result. 


Theorem 2. 


a ) ver wri=E (4) Een 1)) ae rete *) (x,A). (22) 


j=0 


Proof. By applying the action of a linear operator (Ae! + iy to the Apostol-Euler polynomial 
E) (x, A), we obtain 


teak ei) ALK \ tic 
(Aei +1)" En” (x,A) = > j Neve, (A). (23) 
j=0 
Applying linear operators in (15) to the above equation, we have 
beak ela) Sf) e@ raj 
(Ae’ +1)" En” (x,A) = > j NEn’ (x+],A). (24) 
j=0 


Combining the following relation with (23) 
(a) _ 2 ‘ n 
Ex” (aA) (sa + i) - 
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(cf. p. 101 [13]), we have 


k j . a—v 
t K o(a) = k _4\j-2 J v 2 n 
ie * ) en @ a 7 x ( j LI 1) ( UO a & + 1 al 


After some elementary calculation in the above equation, we have 


(Ae a we (x,A) = : ( ; ea ( : grea?) (x,A). 


(25) 
j=0 v=0 


Combining (24) and (25), we arrive at the desired result. 


Substituting A = k = 1 into (22), we arrive at the following corollary, which was proved by 
Roman (p. 103, Equation (4.2.11) [13]), see also (cf. [32]). 


Corollary 1. 


ee (x) = EW (x +1)+ E(x) 


n 


We assume that, A £ 1 and a € N, we have the following well-known relationships between the 
polynomials Bo” (x,A) and Ew) (x,—A): 


ni 
cart n! 


Pel -ayt = (aay) 


Therefore 


a ~ (x,A 
or 


a —2 ‘ a 
£09 (2,4) = Blt (2-2). 


Substituting the above relation into (22), we get the following result. 


Theorem 3. 


ee Voge (AEP epoca 
k k J 
- EG 


(26) 
j 28 7 
_1)\j+a J (a—v) _ 
XI 2 ( . (n +a Oag Brva-v e i" , 
Setting k = 1 in (26), we get the following corollary. 
Corollary 2. 
BY, (,-A) + ABW), (x+1,—-A) = — (n $a) BY, (x, A). (27) 


Remark 2. Another proof of the Equation (27) is given by Dere et al. [6] and see also (cf. [32]). 


Remark 3. Substituting n +a = mand A = —1 into (27), we get 


nN 


BY (x +1) = BM? (x) + mB!) (x) 


m—1 
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(cf. p. 95, Equation (4.2.6) [13]). 


The following theorem was proved in (cf. [1]). Here, we give a proof different from that in (cf. [1]). 
Theorem 4. Let n and k be nonnegative integers. Then we have 
ok eg 
y1 (,kjA) = qen )(0,A). 
Proof. Using (12), we obtain 
1 k 
in (KA) = & (ae +1) (2). (28) 


From the above equation, we have 


2k (# Hy 
yi (n,k; A) = (5 ) 1s") 


—k 
= F(e1( (4) )*) 
kl 


oF —k) 
= kl “gl 


(0A). 


Therefore, we arrive at the desired result. 


Theorem 5. 


Proof. We set 


1 t a 1 t . n a n—-j 
a ((Ae +1)* | Ex (ay) = zi ( +1)*| (5 ( )é Nay) ‘ 


Combining the above equation with (28), we get 


a 1 a a : 
“i 5 ((e +1)" | Ef (A)) = 5 a ; E (A)y (nj, A). (29) 
j= 
On the other hand 
LE (4 )eron(oes tien : 


_ AE an \ oa) 0) (Ae +1)" n-j 
= ai ( 7 \4 at (2) xi), 


J 


Therefore, combining (29) with (30), we arrive at the desired result. 
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Theorem 6. 


| 
1 (m,k;A) = aids ( 5) Fem +2) + En 


Proof. We set the following functional equation 


Fy; (t,k;A) = a : a ; Jae (ope Lk) Feels 


By combining the above equation with (4) and (2), we get 


J 


k ; n 
Ln wks Eads (5 )¥eo+n+e) § 
= 


Comparing the coefficients of ae on both sides of the above equation yields the desired result. 


Theorem 7. Let m € N. Then we have 
ile 22 gal a V8 
So (m—1,k;A) = oan yo(-1)7 j M (Bm (j +1,A) — Bm (j,A))- 
1 
Proof. We also set the following functional equation 
ie 7 eo oe ; 
Fg (t,0,k;A) = = So(-1)"7 | | A (Fe (t,74+1:4,1) — Fe (4,7;4,1))- 
tk! jo j 


By combining the above equation with (1) and (3), we get 


co m 

iz So (m, k; A) : 

m=0 

Elbo (i) ) Bata) 
— —1)*~ . | A (Bm Gi +1,A) - A — 

bh tk PI j m m ‘al 


Comparing the coefficients of £ a ; on both sides of the above equation yields the desired result. 


my 


Theorem 8. Let 2A = 1+ 5. Then we have 


“(on (a) ; 1 f k (a) /; 
2 ; Ej (A) y(n —j,k;A) = a a ; (AF; + Fi) Ey GA) 
1 


j-o\ J 


Proof. We define the following functional equation: 


Fy; (t,k; A) Fe (t,0;A,a) = 7G Jar (Fe (t,j;A,a)). 


By combining the above equation with (4), (2), and (7), we get 


n 


EE (7 earn o-inare 


J 


oe) k k tai-2 pn 
= ae j (AF; + Fi_1) En (LA) =, 
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where A = ed Comparing the coefficients of “ on both sides of the above equation yields the 
desired ae 


3. Combinatorial Sums via p-Adic Integral 


In this section, by using the p-adic integrals, we derive some combinatorial sums containing the 
Bernoulli numbers, the Euler numbers, the Apostol-Euler numbers and the numbers y; (1,k; A). 


Theorem 9. 


v=0 


Bn “EE (4 Jno aman (1 el ag. 


Proof. Combining (2) with (4), we set the following functional equation: 


2K tx 
Fya (t,k;A) Fe (t,27A,k) = mi 
By using the above equation, we get 
co (k) pu @ n _ gk co a 
Len (%,A) un (n,k;A) j a 3s a 


Therefore 


2 LG \ pc py tt ESE 
te Jno anaes (}) "EY (AT =F La". 
n=0 j=0 v=0 e J n= 
Comparing the coefficients of ! E on both sides of the above equation yields the following relation: 
n j ‘ ; k 
y(  \n@—pea) ye ( 1 | xe (a) = = eM (31) 
j=0 J v=0 7 k! 
By applying the Volkenborn integral to (31), we get 


n i j ‘ : ok 
x ( ; Jno award (1 ) el ay foam 9 = a f edie (2). 


U: 
Zp Lp 


Combining the above equation with (10), we arrive at the desired result. 


Remark 4. Replacing x by k and A by A, the Equation (31) is reduced to the following relation: 
n n ok 
E(' aad (32) 
j=0 ; 


Since 


atone (ka) = Jy Kner) (A 
n (k, ) ae m n— in ) 


m=0 


where Ex ®) (A) denote the Apostol-type Euler numbers of the second kind of order k (cf.  [25,33]), 
the Equation (32) yields 


n n—j,kjA2 j : : 
z( ) pee) (1 ea GAY 
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By combining the above equation with the following identity 
i 7 k DAF 
» ( m any (m, k; W/E ah i (A) = ( ae k" 
m=0 : 
(cf. [33]), we get the following combinatorial sums 
af ae VRRP) “(n +(k 
‘3 ( HE) 5 Ls J me A= LE | amy (ka?) BS, A). 
j=0 m=0 


Theorem 10. 


Aafn j j k 
t= Be ( ; Jno akan ( ‘ )e ag. 


v=0 
Proof. By applying the fermionic p-adic integral to (31), we have 


n ji I . ; 9k 
| )y (n=) ( ; ) a (a) fxd) = fede a). 


j=0 v=0 
f Lp Lp 


Combining the above equation with (11), we arrive at the desired result. 


at suagret g | ee 2 
E( 4 )no-imny (}) Ao (n+ 1)kY 


v=0 


Theorem 11. 


Proof. Integrate Equation (31) with respect to x from 0 to 1, we obtain 


n j H 1 ’ ok I 
% ( ; )y (n—j,k;A) ( : Es (a) [ Pax = 5 f eax. 


o=0 0 0 


After some calculations, we get the desired result. 


Theorem 12. 
n n 1 k k : 
Ss ( j 1 (i,k; A) (Bnj — a) ~ ir a ( . NM (Bn(j) — En(j))- 
jo { 4 

Proof. Setting 


k : . 
Fy (t,k;A) = 7 ( : Melxtit, 
10 J 


Combining (4), we have 


He Jenga Enh j ) acral 


n=0 j=0 


Comparing the coefficients of £ il ; on both sides of the above equation yields the following relation: 


ea x" Ty (j,i) = adj ) Mean (33) 


j=0 
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By applying the bosonic p-adic integral to (33) and combining with (10), we have 


E( j )s nin GRA) = lj ) rau. (34) 


j=0 
By applying the fermionic p-adic integral to (33) and combining with (11), we obtain 
“{n 1 .f k 
‘= | | Eni KA) = i » . | MEn(j). (35) 
joo \ J J 


Subtracting both sides of Equations (34) and (35), after some elementary calculations, we arrive at 
the desired result. 


Theorem 13. 
re V1 oe A) = que sigan = ‘iad 
_ nt+1—-j Kl n+1 : 


Proof. Integrate Equation (33) with respect to x from 0 to 1, we obtain 


n 1 
(sun fem 38(*) vf 


j=0 0 


After some calculations, we get the desired result. 
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